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ULTRAPRODUCT METHODS FOR MIXED g-GAUSSIAN ALGEBRAS 


MARIUS JUNGE AND QIANG ZENG 


Abstract. We provide a unified ultraproduct approach for constructing Wick words in 
mixed g-Gaussian algebras, which are generated by Sj = aj + a*, j = 1, • • • ,N, where 
OiO* — qija*ai = Sij. Here we also allow equality in —1 < = qji < 1. Using the 

ultraproduct method, we construct an approximate co-multiplication of the mixed g- 
Gaussian algebras. Based on this we prove that these algebras are weakly amenable 
and strongly solid in the sense of Ozawa and Popa. We also encode Speicher’s central 
limit theorem in the unihed ultraproduct method, and show that the Ornstein-Uhlenbeck 
semigroup is hypercontractive, the Riesz transform associated to the number operator is 
bounded, and the number operator satisfies the Lp Poincare inequalities with constants 

C^P- 


1. Introduction 

Group measure space constructions go back to the original work of Murray and von 
Neumann |MVN36j . In the last decades Popa and his collaborators have solved many 
open problems about fundamental groups and uniqueness of Cartan subalgebras; see e.g. 
|OP10[[OP10bilPV101IHSiniPV14j and the references therein for more information. In par¬ 
allel von Neumann algebras generated by g-commutation relations (motivated by physics 
and number theory) were introduced by Bozejko and Speicher [BS91j . and further in- 
vestigat ed by Bozejko-Kummerer-Speicher |BKS97] . Shlyakhtenko [Shl04j . Non [Nou04] . 
Sniady |Sni oi] . Ricard |Ric05j . Kennedy-Nica |KNllj . and Avsec |A vs n], among others. 
More recently, Dabrowski |Dabl4j . Guionnet and Shlyakhtenko [GS14] have shown that 
for small q the g-Gaussian algebras are isomorphic to free group factors. All these results 
on factoriality, embeddability in , and approximation properties face a similar problem; 
How to derive properties of von Neumann algebras from combinatorial structures given 
by the original g-commutation relations. 

In this paper we study generalized g commntation relations: Given a symmetric matrix 
Q — Qij ^ [“!) 1 ]) Speicher |Spe93| considered variables satisfying 

( 1 . 1 ) (Xidj qijdjdi ^ij' 
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The mixed g-Gaussian algebra Tq is generated by the self-adjoint variables Sj = a* + aj 
and admits a normal faithful tracial state (see Section 3 for more details). Bozejko and 
Speicher took a systematic way in |BS94] to construct the Fock space representation of the 
so-called braid relations, which is more general than fll.ip . Then various properties were 
studied in e.g. |Nou04llKr6001IKr605] . As for fll.ip . in |LP99] Lust-Piquard showed the 
Lp boundedness of the Riesz transforms associated to the number operator of the system 
when qa < 1. Other generalized Gaussian systems related to our investigation have also 
been studied; see e.g. |GM02l[Gut03| . 


It is very tempting to believe that mixed g-Gaussian algebras behave in any respect the 
same way as the g-Gaussian algebras with constant g. Indeed, the L 2 space of such an 
algebra admits a decomposition 


r2(re) = 0/^o 

k=0 


into hnite dimension subspaces Hq of dimension N^, which are eigenspaces of the number 
operator. For fixed qtj = g the number operator can be defined in a functorial way 
following Voiculescu’s lead |VDN92j for g = 0. Indeed, for every real Hilbert H one finds 
the g-Gaussian von Neumann algebra Tq{H) and a group homomorphism a : 0{H) —)■ 
Ant{Tg{H)) such that for o E 0(H) and h E H 

a(o)(s^(h)) = s‘^{o{h)). 


Here s^(ej) = Sj and (cj) is an orthonormal basis for the N dimensional Hilbert space H. 
Then 


Tt = Ea(ot)7i, 


where vr : Fq(iJ) —)■ Tq(H © H) is the natural embedding with conditional expectation E 
and 


Ot = 


e Gd 


\/l — id 


-'s/I — e ^Gd 
e~^ id 


For nonconstant Q = (q^j) we can no longer refer to functoriality directly. One of the first 
results in this paper is to provide a unihed approach to the Ornstein-Uhlenbeck semigroup 
for \qij\ < 1 including the classical cases g = 1 for bosons and g = —1 for fermions. The 
fact that the dimension of the eigenspace Hq is not more than uniformly for all Q is 
based on thorough analysis of different forms of Wick words and probabilistic estimates 
(see Section 3). 

Another new feature of these generalized relations comes from studying the operators 

$(a;) = E(sn+ixsn+i), 

where x is generated by si, • • • , sn- For constant qij = g we find <F(x) = g^Gl^; can be easily 
computed in terms of the length function l(x) = k if x E Hq. The formula for general Q is 
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vastly more complicated. However, such expressions are crucial building blocks in proving 
strong solidity. 

Let us recall some notions in operator algebras. We always assume the von Neumann 
algebras to be hnite in this paper. Recall that a von Neumann algebra M has the weak* 
completely bounded approximation property (w*CBAP) if there exists a net of normal, 
completely bounded, hnite rank maps 0^ : Ad —)■ Ad such that ||0a||cb < C for all a 
and 0a —)■ id in the point weak* topology. Here || • 106 denotes the completely bounded 
norm. The inhmum of such constant C is called the Cowling-Haagerup constant and is 
denoted by Ac6(Ad). Cowling and Haagerup |CH89] showed that a discrete group G is 
weakly amenable if and only if its group von Neumann algebra LG has w*CBAP. Thus, a 
von Neumann algebra with w*CBAP is also said to be weakly amenable. If Ac6(Ad) = 1, 
Ad is said to have the weak* completely contractive approximation property (w*CCAP). 
See e.g. |BO08j for more details of the approximation properties. Following Ozawa and 
Popa’s work |OP10j . a von Neumann algebra Ad is called strongly solid if the normalizer 
Mm^P) '■= {u e hl{M.) : uPu* = P} of any diffuse amenable subalgebra P C Ad generates 
an amenable von Neumann algebra. Here U{M.) is the set of unitary operators in Ad. 

Theorem 1.1. Pg has w*CCAP and is strongly solid provided maxi<jj<Ar \qij\ < 1. 


These properties extend similar results due to Avsec [A vs n] for g-Gaussian von Neu¬ 
mann algebras. The w*CCAP for Pg is proved using a transference method based on 
Avsec’s w*CCAP result for the g-Gaussian algebras. Then we show a weak contain¬ 
ment result of certain bimodules. These results, together with a modification of Popa’s 
s-malleable deformation estimate, leads to strong solidity using a, by now, standard ar¬ 
gument. The method used here follows that of |HSlll[Avsll] . However, the techniques 


are more difficult than the case of g-Gaussian algebras. We have to use some non-trivial 
tricks to achieve certain results similar to those in [A vs m. 


Ultraproduct method plays an essential role in many aspects of this paper. It is well 
known by far that CCAP is a stepping stone for proving strong solidity. The transference 
method mentioned above relies entirely on an embedding of Pg into an ultraproduct of 
von Neumann algebras which preserves the Wick words. This allows us to transfer the 
CCAP result of the constant g case of Avsec to the current mixed g case. The argument 
can be illustrated using the following commutative diagram: 






¥’Q;(A)(g)id 




The notation will be explained in the proof of Theorem [531 The map nu can be understood 
as an approximate co-multiplication. Without the help of the ultraproduct method above. 
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we will have to extend directly the argument for the constant q case to the mixed q case, 
which may be very hard due to the involved combinatorial structure. 


We also prove some analytic properties for Fq following the unified ultraproduct ap¬ 
proach. The cornerstone is a Wick word decomposition result, whose proof involves some 
complicated combinatorial and probabilistic arguments. In this context, the ultraproduct 
construction provides a natural framework to encode Speicher’s central limit theorem; see 
|Spe92[[Spe93[ I JunOG] . Furthermore, the Wick words are identihed as some special se¬ 
quences in the ultraproduct of spin matrix models. Once we have the Wick word decom¬ 
position, it follows immediately that the Ornstein-Uhlenbeck semigroup {Tt)t>o associated 
to Fq is hypercontractive: For 1 < p, r < oo, 

= 1 if and only if 


Here Lp = Lp{rQ,TQ) is the noncommutative Lp space associated to the canonical tracial 
state tq on Fq. This result is a vast generalization of the work of Biane |Bia97] and 
Junge et ah |.TPP+15j . Indeed, we obtain hypercontractivity results for free products of 
g-Gaussian algebras, in particular, free products of Clifford algebras. More exotic choices 
may be obtained for general g^. We also recover and extend Lust-Piquard’s result on the 
boundedness of Riesz transforms [LP99j . Let A be the number operator of Pq, which is 
also the generator of T^. Define the gradient form (Meyer’s “carre du champs”) associated 
to A as 

r{f,g)^\[A{ng + rAg-A(rg)] 
for /, g in the domain of A. We show that a) for p > 2, 

Cp^\\A^/^f\\p < max{||P(/,/)^/2||^^ J*y/^\\p} < Kp\\A^/^f\\p 

with Cp = 0{p^) and Kp = 0(p^/^); b) for 1 < p < 2, 

Kg'WA'/gi < mf ^ < GP‘''V|1. 

S{f)=9+h 

g&Gp,h&Gp 


with Kpf = 0(l/(p— 1)^/^) and Cp = 0(l/(p— 1)^), where 5 is a derivation related to the 
Riesz transforms, Gp and G” are two Gaussian spaces, all to be defined below. Moreover, 
we obtain the Lp Poincare inequalities: For p > 2 

11/ -t-q(/)||p < Gv^max{||F(/,/)^/2||p,F(/*,/*)^/2||p}. 

This is an extension of similar results for the Walsh and Fermionic system in |ELP08] . It 
is known that the constant Cyfp in such inequalities is crucial for proving concentration 
and transportation inequalities; see e.g. jZen m. 

The paper is organized as follows. Some preliminaries and notation are presented in 
Section 2. We construct the mixed g-Gaussian algebras and the Ornstein-Uhlenbeck 
semigroup in Section 3, where the Wick word decomposition result is also proved with a 
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lengthy argument. The analytic properties are proved in Section 4, and the strong solidity 
is proved in Section 5. 


2. Preliminaries and notation 


2.1. Notation. We now introduce some notation used throughout this paper. We write 
[N] = {1, 2, • • • ,N} for N E N. The set of non-negative integers is denoted by Z_|_. For 
n G N, we denote by the algebra of n x n matrices. We will use some notation to 
analyze combinatorial structures following |Spe92 ,[jPP'*~15 . Denote by P{d) the set of all 


partitions of [d] = {1, • • • , d}. For a, tt G P{d), we write a < tt or tt > a if a is a refinement 
of TT. We denote the integer valued vectors by i,j, etc. Given i = {ii, ■ ■ ■ ,id) G we 
associate a partition a{i) to i by requiring k, I G [d\ belonging to the same block of a{i) if 
and only ii = ii- 


We denote by IFI or the cardinality of a (finite) set S. If d is an even integer, we 
dehne P 2 {d) to be the set of pair partitions of [d], i.e., P 2 {d) consists of vr = {Vi, • • • , Vd/ 2 } 
such that \Vk\ = 2 for every block I 4 . Write I 4 = with < Zk and ei < 62 < 

• • • < ed/ 2 - Given tt G P 2 {d), the set of crossings of tt is denoted by 

( 2 . 1 ) /( tt ) = {{k, l}\l< k,l < d/2, ek < ei < Zk < zi}. 

For d E N, we denote by Pi(d) the one element set of singleton partition of [d], i.e., 
Pi{d) = {(To} and (Tq = {{1},{2},--- ,{d}}. Let Pi, 2 ((i) denote the set of partitions 
consisting of only singletons and pair blocks, and Pr{d) = P{d) \ Pi, 2 {,d). Let a E Pi, 2 {d) 
be given by 

^ {^1) ■ ■ ■) }) 

where Vj’s are singletons (Vj = {ej = Zj}) or pair blocks {Vj = {ej,Zj}). Assume there 
are s singleton blocks and u pair blocks in a. Let ap be a subpartition consisting of the u 
pair blocks oi a E Pi, 2 (d). Denote by Ip{cr) ;= /((Tp) the set of pair crossings of a given in 
fl2.ip and dehne 

hp{(y) = {{a t} ■. Cr < et = Zt < Zr) 
to be the set of crossings between pairs and singletons. 


Given a discrete group G, the left regular representation is denoted by A : G —)■ ^ 2 (G), 
A(i?)4 = V, for g,h E G and {5g)g^G is a canonical basis of f' 2 (G). The group von 
Neumann algebra of G is denoted by LG and the canonical trace by tg- The Kronecker 
delta function is denoted by 5i^j. The use of two (5’s will not appear in the same place. It 
should be clear from context which one we are using. We let denote the n x n matrix 
with all entries equal to 1. 


2.2. Spin matrix model. We consider the general spin matrix model following [LP981 
lJPP+15] . Fix a hnite integer N. Let JN,m = [A^] x [m] and Jn = [A^] x N. We usually do 
not specify the dependence on N and simply write Jm = JN,m and J = Jat if there is no 
ambiguity. We equip Jm with the lexicographical order. Let e: JxJ ^{—1,1} be a map 
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satisfying e{x,y) = e{y,x) and e{x,x) = —1 for all x,y E J. Consider the complex unital 
algebra Am = Am{N,e) generated by {xi{k))(^i^k)ej^, where Xi{kys satisfy Xi{k)* = Xi{k) 
and 


Xi{k)xj{l) - e((h /c), (j, l))xj{l)xi{k) = 


for {i, k), (j, 1) E Jm- If is well known that x^kys can be represented as tensor products of 
Pauli matrices. Thus Am can be represented as a matrix subalgebra of M 2 Nm. A generic 
element of Am can be written as a linear combination of words of the form 


xb = Xi^{ki) ■ • 


where B = {(A, ki), • • • , kd)} C Jm- We say xb is a reduced word if Xi^ik^ys in xb 
are pairwise different for r = 1, • • • , d. Using the commutation relation, every word ^ can 
be written in the reduced form, denoted by There is a canonical normalized trace Tm 
on Am such that Tm{xB) = Sb,(Ii for a reduced word xb- 


2.3. Pisier’s method for multi-index summations. Let a E P{d) be a partition. In 
the following we need to estimate the Lp norm of 

^ xi{ki) ■ ■ -Xdikd), 

k£ [ 7 n]^:a{k)>a 


where Xi(fcj) G r]p<ooLp{'r), and Lp(r) is a noncommutative Lp space associated to a trace 
r. To this end, we follow Pisier’s method |PisOO] . As illustrated in the proof of |Pis001 
Sublemma 3.3], one can hnd • • • Ad{kd) E LG such that Tci^iiki) ■ ■ Ad{kd)) = 1 if 

and only if a{k) > a and Tc{^i{ki) ■ ■ Ad{kd)) = 0 otherwise. Here G is a suitable product 
of free groups, LG is the von Neumann algebra of G, and tq is the canonical trace on LG. 

Let us explain this in more detail using an example. We denote by the free group 
with free generators {gi)i£[m]- Suppose d = 6 and a = {{1, 3, 5}, {2, 6}, {4}}. In this case, 
G = Fm X Fm X Fm and for i E [m ], 

^i(i) = Xigi)* (g) 1 (g) 1, ^2{i) = 1 0 A(fifi)* 0 1, 

= KSi) 0 10 HSiT, = 10 10 1 , 

^ 5 (*) = 10 10 X{gi), = 10 X{gi) 0 1 . 

Then Tci^iiki) ■ ■ ■ ^eiks)) = 1 if and only if ki = k^ = k^ and k 2 = k^. 
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Now return to the general setting and consider the algebraic tensor product LG® Lp{T). 
Since tq ® id extends to contractions on Lp, using Holder’s inequality, we have 


^ xi{ki) ■ ■ ■ Xd{kd) 

kG [m]^:a{k)>a 


Tci^iiki) ■ ■ ■ ^d{kd))xi{ki) ■ --Xdikd) 




< 


^liki) xi{ki) ■ ■ ■ ^d{kd) Xd{kd) 

kG [m] ^ 
dm 

- n II ^ 


2=1 ki=l 

If i belongs to a singleton block of a, then = 1 and 


pd 


II ^ ^ ® ^2(^2) llpd? II ^ ^ ^2(^2) llpd?* 

ki=l ki=l 

If i does not belong to any singleton of cr, then it is well known that 


II ^ ^ ® ^2(^0 llp<^ II ^ ^ ® ^2(^2) Wpd’ 

ki=l ki=l 

By |Pis001 Lemma 3.4], we have for any even integer p >2, 

m „ 

\\y2 Adi) Xi{ki)\\p < ^maxj | 

ki=l ki ^ ki 

We record this result as follows. Denote by aging and ans the union of singletons and the 
union of non-singleton blocks of a respectively. Thus we have imaging + #cr„s = d. 

Proposition 2.1. Let a G P{d) be a partition and Xi{ki) G Lpipr) for k G G [dj. 

Then for any even integer p>2, 




pd 


n 


iScr„ 


max 


ki=l 


pd 


[Y Xi{ki)xi{ki 


vl/2 


ki=l 


pd 


This result will be used in a slightly more general setting. We may have other fixed 
operators y/s inside the product xi{ki) ■ ■ -Xdikd)- In this case, we may simply attach i/j’s 
to their adjacent Xiikifs and then invoke Proposition 12.11 
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3. Construction and Wick word decomposition 


The algebra we study here can be constructed using purely operator algebraic techniques 
if maxi<jj<Ar \qij\ < 1 as shown in |BS94j . However, we use the probabilistic approach 
due to Speicher |Spe92[ , [5pe93| . This is convenient for studying the analytic properties 
following Biane’s original idea |Bia97] . The main result of this section is Theorem I3.81 
Although the proof is unexpectedly lengthy, the analytic properties are easy consequences 
of this result. As a byproduct, we also provide an alternative construction of the Fock 
space representation. 


3.1. Speicher’s CLT and von Neumann algebra ultraproducts. Let Q = 

be a symmetric matrix where qij = q{i,j) G [—1,1]. Note that we do not specify the 
values on the diagonal. Following the notation of Section 12.21 we consider a probability 
space (H,]P) and a family of independent random variables H —)■ { — 1,1} 

for {i,k) < (j, 1) with distribution 


(3.1) P(£((z,fc),(j,/)) = -!) = 


1 - Qihj) 


¥{e{{z,k),{j,l)) = l) = 


1 + ?(bi) 


so that E,[e{{i,k),{j,l))] = q{i,j)- Here {i,k),{j,l) G [N] x N. Given ca G H, the com- 
mutation/anticommutation relation is hxed. We understand all generators Xi{k){uj) de¬ 
pend on oj. Restricting k G [m] we get random Am- Since the dependence on oj should 
be clear from context, we will not write u in the following to simplify notation. Let 

= 7feEr=i2^i(^)- 

The following central limit theorem result was due to Speicher |Spe93|, which is a 


generalization of |Spe92 . We streamline Speicher’s proof in the appendix for the reader’s 


convenience. The same strategy will be used repeatedly when we prove Theorem 


Theorem 3.1. LetiE [Nj®. Then 

\\m Tm{xi^{rn)---XiXrn)) = 5 s(.2'l TT q{i{er), i{et)) a.s. 

{r,t}E/(cr) 

cr<(7(2) 

Here and in what follows, we understand n{ij}e0^(bl) ~ 


By Theorem 13.1[ we can hnd a full probability set Hq C H such that the convergence 
holds for all a; G Hq. Fix a free ultrahlter U on N. By the well known ultraproduct 
construction of von Neumann algebras (see, e.g., [BOOSl Appendix A]), we have a hnite 
von Neumann algebra An := YlmU'^rn with normal faithful tracial state tu = \imm,uXm- 
Put Aff = l^p<QoLp{,Au)■ For each uj G Hq) 
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Here and in what follows we write (xj(m)(a;))* for the element represented by {xi{m){u)))mm 
in the ultraproduct. We have the moment formula 



o-GP2{s) {r,t}^I{a) 
cr<cr(i) 


It follows that 


Tu{\{xi{m){cj)y\P) < Cf. 


By the uniqueness argument in |Jun061 Section 6], the von Neumann algebras generated 
by the spectral projections of (xi{m){u)y,i = 1, • • • ,iV for different a; G hlo are isomor¬ 
phic. We denote by Fg any von Neumann algebra in the isomorphic class with generators 
{xi{m){u)y,i = 1, • • • ,N. This algebra was introduced by Speicher |Spe93| and studied 
in |BS941lLP99j . Note that (xj(m)(a;))* may be an unbounded operator, therefore may 
not be in Fg. But by our construction, it belongs to Fg := r]p<ooLp(TQ,Tu). In the fol¬ 
lowing, whenever we say {xi{m){u)y, i = 1, ■ ■ ■ , N are generators of Fg, we always mean 
{xi{m){u))y G Fg and Fg is generated by the spectral projections of (xi(m)(a;))*’s. We 
call Fg the mixed g-Gaussian algebra, and Q the structure matrix of Fg. Sometimes we 
also write tq = tuIfq- 

There is another way of constructing Fg. All the Xj(/c)’s are actually in Loo(G; Am) and 
thus Xi{m) G Too(G; Am)- Here the trace on Loo(G; Am) is given by E (g) r^. By the same 
CLT argument as for Theorem 13.11 we find the moment formula flA.4D in the limit, which is 
the same as fl3.2p . Therefore, as before, {xi{m))*,i = 1, ■ ■ ■ , N generates a von Neumann 
algebra, denoted by Fg. We call it the average model. Using the uniqueness results in 
[JunOGl Section 6], we have that Fg is isomorphic to Fg. When we write (xi{m))*, it 
can mean either an element in np<ooTp(nmw-^oo(G; ^m)) or simply (Tj(m)(a;))* for some 
cn G Go- If should be clear from context which one we are using. In fact, we may simply 
write Xi, • • • , x^ for the generators of Fg if we are not concerned with the construction. 

By considering different structure matrix Q, we can construct various examples as special 
cases of Fg. The same philosophy was used before by Lust-Piquard in |LP99j . 

Example 3.2. Pq(iF), q G [—1,1] is fixed. If q{i,j) = O' all 1 < i, j < N, then we recover 
the classical g-Gaussian algebra Tg{H) where iF is a real Hilbert space with dimiF = N. 

Example 3.3. qi G [—1,1] is fixed for i = 1, • • • , n. Here HiS are real Hilbert 

spaces with dim Hi = di. Let N = di + ■ — \-dn- Define Q as follows. For k = 0, - ■ ■ ,n — l 
and I <a,y < d^+i, put 


k 


k 



and q{a,(3) = 0 otherwise. Then by the moment formula fl3.2p . we recover ^i^iTg^Hi). 
The case g* = — 1 for alH = 1, • • • , n was considered in |JPP'*~15] . 
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Example 3.4. , qi,Pi G [—1,1] are fixed. Here i4j’s and Ki^s are real 

Hilbert spaces with dim Hi = di, dim Ki = d'i. Let N = Ym=i /c = 0, • • • , n — 1, 

define 

{ Qi, 1 < < di+i, 

Ph di+i + 1 < < dj+i + d'i^i, 

0, 1 < a < di+i < /3 < di+i + 

and q{a,P) = 1 otherwise. Let Q = {qa,^)i<a,^<N- By the moment formula (13.21) . this 
model gives mixed products of g-Gaussian algebras. For example, consider the von Neu¬ 
mann algebra of the integer lattice L(Z”). We may identify L(Z") with ^=iro(M) via 
Hdk) Xk, where g^s are the generators of Z” and x^s are generators of {8)"^;^ro(M). 
Alternatively, by extending X{gk) ^ X 2 k-iX 2 k^ we may embed L(Z"') into * 


3.2. Wick word decomposition. For our later development, we need an analogue of 
Wick word decomposition, i.e., rewriting (xj^(m))* • • • as a linear combination 

of Wick words (to be dehned) so that we can analyze the Ornstein-Uhlenbeck semigroup 
easily. This procedure is conceptually clear with the help of Fock space representation be¬ 
cause {xi^{m)y ■ ■ ■ (xj^(m))* belongs to L 2 (Tq) and L 2 (Fq) should coincide with the Fock 
space, which is spanned by Wick products; see |BKS97[lBS94j . However, we do not know 
the explicit formula for the decomposition of (Ti^(m))* ■ ■ • (Ti^(m))* in terms of matrix 
models. Moreover, the known Fock space construction usually requires maxjj \qij\ < 1. 

Our approach is again probabilistic. We refer the readers to Section I^TTl for the notation 
used in the following. By dehnition 

{xi^m))* ■ ■ ■ {xi^m))* = (^-^ Xi^ki) ■ ■ ■ Xi^kd)^ . 

fcG [m] ^ 

Note that 

Y Xi.iki) ■ ■ ■ Xi^kd) = Y Xi.iki) ■ ■ ■ Xi^kd) + Y Xi^ki) ■ ■ ■ Xi^ka). 

fce[m]'^ crePl, 2 (d) a(k)=a (T&Pr{d) cr{k)=a 

We hrst record a simple algorithm which we will refer to later on. 

Proposition 3.5. Let i G [Ny, fc G [my, (j{k) < a{i) and cT(fc) G Pi, 2 (d). Then there is 
a specific algorithm to interchange Xi^{ka) ’s in Xi^{ki) ■ ■ -Xifikd) such that 

(1) Xifiki) ■ ■ -Xifikd) = £{i, k)xj^{l[) ■ ■ -Xjfil'g) ■ ■ ■XjfiVfi), wheree{i,k} is a random sign 
resulting from interchanging Xi^ka) ’s which is given by 

H'L,k) = n eifficr), k{er)], [i{et), k{et)]) JJ e([*(er), k{er)], [i{et), fc(et)]); 

{r-,qe/sp(o-(fc)) 

( 2 ) (/'i, • • • ,/() are pairwise different and maintain their relative positions in k, i.e., 
(/(, •••,/() zs obtained from k by removing the ka’s which correspond to pair blocks; 
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(3) ^s+l — ^s+2) ■ ■ ■ ) ^d-1 ~ ^d- 

Proof. Since a{k) G Pi^ 2 {d), for each ka in k, there is at most one kp in k eqnal to ka- 
We can hnd the hrst ka corresponding to a singleton in a{k), and move Xi^{ka) to the 
beginning of the word by interchanging it with Xi^{k 13)^8 which are to the left of Xi^{ka). 
Rename this Xi^{ka) to be This process prodnces a prodnct of random signs of 

the form e{{ia, ka), {i/s, k/s)) where ka corresponds to a singleton and k/s corresponds to a 
pair block in cr(fc). Then we repeat this procednre for the second ka corresponding to a 
singleton in and rename it Xj 2 {l' 2 )- We continue until all the Xi^{ka) corresponding to 
singletons in ^{k) are in front of the rest Xip{k^ys corresponding to pair blocks in In 
this way, we get Xj^{l'f) ■ ■ ■Xj^{l{) and a product of random signs. Afterwards, we rename 
the variable Xi^{ka) right adjacent to Xj^{l{) to be Xj^_^_J^{l{_^_f). Then move the other term 
with the same ka to the right of call it a;j^+ 2 (^s+ 2 )- produces a product 

of e{{ia,ka),{iis,kjs)) where and ka correspond to different pair blocks. Repeat this 
procedure for the next pair of fca’s. After hnitely many steps, the algorithm will stop and 
we obtain e{i,IP)Xjj^{l[) ■ ■ ■Xj^{y) ■ ■ ■Xj^{l'j) with the desired three properties. □ 


We write 

(3-3) {li, ■ ■ ■ ,l(i) = {kTx/i), ■ ■ ■ , k^^/d)) 

where vr is a permutation determined by the algorithm. Similarly, (ji , • • • , jd) = (*7r(i), •'' P-n 
Let 


(3.4) • • • , /g — ls3_i — ■ ■ ■ ) ^s+u — ^d-l ~ ^d- 

Here s and u are the number of singletons and pair blocks of cr(fc), respectively. 

Lemma 3.6. Let a E Pi, 2 (d). Then for all 2 < p < 00 and fixed u E fl, 

1 


lim 

m—>00 


m 


d/2 


k^[m]^:a{k)=<T 

1 


■Xi^ikd 


m' 


d/2 


Ej^^/k)[xi,{ki) ■ ■ ■ Xi^{kd)] 


kG[m]^:cr{k)=cr 


Lp {A m tTm ) 


= 0 . 


Here Afs{k) denotes the von Neumann algebra generated by all Xi^{ka) ’s, where ka corre¬ 
sponds to singleton blocks in a(fc). 


Proof. Let s and u denote the number of singletons and pair blocks of a, respectively. 
Clearly, s + 2 m = d and there are 

m/s+u) '■= m{m — 1) ■ ■ ■ {m — s — u + 1) 

vectors k E [m]'^ with cr(fc) = a. Let I be given in fl3.4p . / is a vector of length s + u. Let 
di, • • • , dm he i.i.d. random selectors uniformly distributed on {1, 2 , • • • , s + w} which are 
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independent from LcoiVL^Am)- If all L’s are pairwise different, then by independence, 

E5(1[5,^=1]1[5,2=2] • • • = (S + 

where is the expectation with respect to (5/^’s. Dehne the random sets for q = 1, • • • , s + 
u, 

Bq = {Iq e [m] : = q}. 

Then for each instance of 6i^^s, Bq’s are pairwise disjoint and their union equals [m]. By 
fl3.3p . there is a 1-1 correspondence between k and L We may rewrite 

Xi,{ki) ■ ■ ■ Xi^{kd) = Y Xi,{ki) ■ ■ ■ Xi^{kd) 

= (s+ «)*+“ Y MMsi^=i]ksi,=2] - ■ ■ M5i^^^=s+u]Xi,{ki) ■ ■ ■ Xi^{kd)] 

l.(y{l)&Pi{s+u) 

= {s + uy^'"Es{ Y • ■ • Xj^ki) • ■■Xj^kd)) 

where aiV) G Pi(s -|- u) amounts to saying that all /^’s are pairwise different. For q = 
s, s -h 1, • • • ,s + u, let Mqip) be the von Neumann algebra generated by 

{xjAO ■.a<s + 2{q-s)} 

FtcCclll ttl8jt ls-\-u ~ ^ 7 r(d—1 ) ~ ^ 7 r(c/)* Lct 

WiJ_{ls+u) = Y ■ ■ ■ 

Ib+u-i&Bs+u-i h&Bi 


Here we only £x Ig+u and sum over all the other indices. It is straightforward to check 
that 

{Wiyig+u) .I^A/’s+u-l(fc)('^i,l(^S-|-M))}q+u6Ss + ii 

is a sequence of martingale differences. Using the noncommutative Burkholder-Gundy 
inequality |PX97j . we have 


Y "'Yl • --^idikd) - ^Ar,+„_i(fc)[Xii(fci) 


•X. 




(ka)]) 




<Cp 


y ^ {'^i,iik+u) pA4+u-i(fc) 

+u 

y ^ \u!iq{ls+u) ~ Pa7+u-i(UI 




li t: jJs + i4 


\{wi,l{ls+u) pA/’s+u-i(fe) (^*,i(^s+ii))) I ) 


1/2 


=: T. 


p 
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By the triangle inequality, we have 

^ \J I I sup -Ejv’s+u— i(fc) lip 

— 2C^p \/1 I sup lip. 

^S + U^-^S + ti 


Recall that ka = if « is a singleton of a. In this case, G if and only if 

ka G i?^-i(„) where n{(3) = a. Replacing p by a larger even integer if necessary, arguing 
as for Proposition 12.11 or simply adding zeros to apply Proposition 12.11 we find 


II j 


< ( —)2“ 


n 


a&a-g 





Here a is obtained from a by erasing one pair block containing 7r{d) so that = 

2(m — 1). We mention one subtlety here in applying Proposition 12.11 Since Ig+u is 
hxed here, the term Xi^{ls+u) is regarded to “attach” to its adjacent term. For instance, 
Xi., {kji)xi^ {ls+u)Xij (kj) is regarded as a product of two terms, i.e., [xi., {kj')xi^ {ls+u)]xij (kj) 
or Xy,{kji)[xi^{ls+u)xi.{kj)]. Using the noncommutative Khintchine inequality |LP861 
ILPP91] or Burkholder-Gundy inequality |PX97] . we have for a G aging, 




pd 


1/2 


E Xi^ika) < Gp^maxi , \\y^Xi^{ka)xi^{k, 


pdl2 


1/2 > 
pd /2 - 


< CpdTn^/'^. 


It follows that \\wii{ls+u)\\p < ^ and thus d' < i/2_ yyg p^ve shown 

that 


(3.5) 

1 


Y1 "'Yl - E^^^^_^(k)[xi,{ki) 

Is+u&Bs+u h&Bi 



r 

'~^P,cr 

777,1/2 


Repeating the argument u — 1 times by replacing u with u — 1, u — 2, 

('^A/’q(fc) [^il (^l) ■ ■ ' ^idi^d)] [Xjj^ (/Ci) 

Iq&Bq h&Bl 


, 1, we hnd 


G 


■■XiAkd)]) 


< 


p,a 


m 


1/2 ■ 


forg = s + M — l,---,s + l. In this iteration argument, we use the same “attaching” 
procedure as described above in order to apply Proposition 12.11 By the triangle inequality, 
we have 


m 


d /2 


^ S-\-U^B s-\-U 


< 


G 


p,o- 


m 


1/2- 
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Hence, by Jensen’s inequality, 
1 


m' 


< 


d/2 

fc:cr(fc)=(j 

(s + 


Xi^iki) ■ ■ ■ Xi^{kd) - Y Ej^s{k)[xiAki) ■ ■ ■ Xi^{kd)] 


fc:cr(fc)=C7 


Lp{A m I'Tm ) 


m 


d/2 


E/i 


^ ^ ■■■ 'y ^ {xi-^{ki) ■ ■ ■ Xi^{kd) E^A4(fc) [^ii (^l) ■ ■ ■ (^d)]) 

Is+u&Bs+u h&Bi 




m 


1 / 2 ' 


In the last inequality, the upper bound holds for every instance of 5 and thus holds for the 
average. The proof is complete by sending m —)■ cxo. □ 


Lemma 3.7. Let a E Pr{d). Then for all p < oo and fixed u E Q, 

1 


lim 

m—>cxD 


m 


d/2 


Y Xifikfi ■ ■ ■ Xifikd) 


fc:cr(fc)=cr 


Lpi^ArriiTm) 


= 0 , 


Proof. We follow the same argument as for Lemma 13.61 and only indicate the differences. 
For a E Pr(d), there is at lease one block with more than two elements. Without loss 
of generality, assume there is only one block in a with more than two elements. Sup¬ 
pose this block has, say, three elements. We list the running indices k in the sum as 
{/i, • • • , Is, Is+i, ■ ■ ■ , Is+u, 4+u+i}, where there are s singletons, u pairs and one block with 
three elements in a. Using the random selectors, it suffices to show that 


1 

vrpP 

^s + u + 1 ^Bs->ru + l 



Y Xifiki) ■ ■ ■ Xifikd) 

h&Bi 


-E- 0 , 


as m —)■ oo, where Bi, ■ ■ ■ ,Bs+u+i are disjoint random sets with union [m]. Denote by 
Afs+u{k) the von Neumann algebra generated by for all a < s + 2u, where If is 

a permutation of k so that h = /j, • • • ,/s = /s,/s+i = I's+i = ^s+ 2 ) etc. Then using the 
noncommutative Burkholder-Gundy inequality, we can show that 


1 

jyid/2 


"'Yl ■ --Xifikd) - • --Xifikd)]) 

Is+u+i&Bs+u+i US-Bi 


< 


s / 2 H-li H-3 / 2 


^ 0 , 


as m ^ oo. It remains to show 


1 

j?^d/2 


( E 

^S + li+1 £-^3 + 14-1-1 


Y EMs+u(k)[^ii{kl) 
heBi 



-E 0 . 
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Note that 


^d/2 
1 


■X 


Id 




E -E Ej\fs+u{k) [^n (^1. 

la + u + l&Bs + u + l h&Bl 

" ■ ■ ■ Xi^{kd) 


<- E 

m < ^ 

^S + li + l ^-^S + li+1 


m ^' rn^d.-2)/2 


Now apply Proposition 12.11 with the same “attaching” procedure as above. This yields 

E ■ ■ ■ E 

^S + U^Bs + U 


which gives a decay factor and completes the proof. □ 

Theorem 3.8. Let {xj{m)y e r\p<ooLp{Ylrn,u -Am)) for j = 1, • • • ^d. Then 

{xi^m))'■ ■ ■ {xi^m))'= ^ w^j?) 

o-ePi.2(<i) 

cr<cr{i) 

where the equality holds for all uj E Q and 

(3-6) w<x(i) = Y1 E^s{k)[xn{ki) ■ ■ ■ Xi^kd)]^ . 

k& [m]‘*:cr(fc)=(T 


Proof. By Lemma 13.61 and Lemma 13.71 we have 

(xi,(m))*---(Ti,(m))* = Y Ej^s{k)[xiyki) ■ ■ ■ Xi^kd)]) . 

cr&Pl,2{d) fcE[m]'^:a-(fe)=(T 

By Proposition IS31 we write (ji, • • • , j^) = • • • , (/;, ■ ■ ■ • • • , fc^(d)). 

It follows that 

EAfs{k)[xii{ki) ■ ■ ■ Xi^kd)] = £{hk)xj.^{li) ■ ■ ■ '' ■'^id-ud- 

Note that .E^,(fc)[xii(/ci) • ■ ■ Xi^kd)] is nonzero only if j^+i = js+ 2 , ■ ■ ■ ,jd-i = id- Since 
(T(fc) = cr, we have a < cr { i ). □ 


If cr < cr(i), we call w^{i) dehned in fl3.6l) the arbitrary Wick words. By Theorem 13.81 

L 2 (rQ) C L2- spanlw^i) : i E [iV]'^,cr G Pi,2(d), d G N}. 

Here and in what follows Lp-spanhP means the Lp{Tu) closure of linear combinations of 
elements in W. We want to identify L 2 {Tq) with the span of fewer Wick words. Let 
i E for s G N. We dehne the special Wick words 

= E Xi^ky-'-Xi^K)) - 

kG[m]^:tj{k)GPl (s) 


(3.7) 
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Let ^ G [NY'. In order to understand the inner product of w{i) and wYY), we first introduce 
some notions. Let {2 ■ 1, 2 ■ 2, • • • , 2 • s} be a multiset, each element with multiplicity 2. 
One can regard it as a set of cardinality 2s given by [2s] = {1, 2, • • • , s, 1, 2, • • ■ , s}. Let 
cr^ be a partition of the set [2s]. We call it a bipartite pair partition of [2s] if 

= {{ek,Zk} : Cfc = 1,2, ••• ,s,Zk = 1,2, ••• ,s}. 

The set of all bipartite pair partitions is denoted by P^Yls). Let i, i], G [m]®, where jY is 
understood as a map jY'- {1,2,-- - ,s} ^ [m]. Dehne the concatenation operation 

(3.8) iU/= (ii,--- ••• ,4). 

We denote by cr(iU;^) the partition induced by i and jY on the multiset [2s]. For example, 
{fc, /, k} are in the same block of a{i U F) if ik = ii = Given G PY{2s), dehne the set 
of bipartite crossings by 

/^(cr^) = {{k, 1} : 1 < k,l < s,ek < ei, Zi > Zk}. 

Recall that {w{i),w{iY}) = Tu[w{'jY)*w{i)]. 

Proposition 3.9. Let w{i) and w{jYY) he special Wick words. Then there exists a full 
probability set Oq C O such that for all to G Oq; 

f X](T*'eP|'(2s) *(Ct))) */ {Hi ' ' ' 1 G} = {*1) ■ ■ ■ Ys'}i 

[O, otherwise. 

where {R, • • • = {*i, • • • Y's>} ''^e.ans that i and if are equal as multisets, i.e., both the 

elements and their multiplicities are the same. 

Proof. We follow the same argument as for Theorem 13.11 By dehnition, 

(M;(i), «;(*()) = lim—^^^^ '^rnixi'/k'^Y ''' Xi[{k[)xiYki) ■ ■ ■ XtYh)]- 

k,l^:cr{k)£Pi (s), 
a(k')£Pi(s') 

Since all kaS are pairwise different, Tm[xi'YK')''' ''' XiY^s)] = 0 unless 

s = s'. Moreover, every Xi^{ka) has to be the same as exact one Xi/^k'i^) in order to 
contribute to the sum. This implies that i and if are equal as multisets. We rewrite 

TmiXi'^YK') ■ ■ ■ XiYK)xiYki) ■ --XiYks)] 

k,M--Cr{k)£Pi (s), 

= Xm[xiYK) ■ ■ ■ XiYK)xh{ki) ■ ■ ■ XiYks)] 

a-{k) ,a(!£)ePi{s) 

= '^m[XiYK) ■ ■ ■ XiYk[)XiYkl) ■ ■ ■ XiYks)] 

a^GP^{2s) a{kU^)=af^ 
cr^<cr(iU^) 
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If {r,t} G then we have to switch Xj(e^)(A;(er)) and to cancel the corre¬ 

sponding Xi(^zr){^^{^r)) and Xi(^zt){k{^t)) terms. It follows that 

Tmixi'^iK) ■ ■ ■ ■ ■ ■ Xi^{ks)] = JJ e{[i{er),k{er)],[i{et),k{et)]). 


Since k G by independence, we have 

^ ^ ETm[xi>^{k',) ■ ■ ■ Xi>^{k[)xi^{ki) ■ ■ ■ Xi^{ks)] 




(T(kUk')=cr^ 

m{m — 1) • • • (m — s -1-1) 




n 5(*(er),*(et)). 


Hence, if 2 = ;^ as multisets, then 


E(w(i),«;(/)) = ^ Yl ?(*(er),*(et))- 

^*’eP|(2s) 


o-*’eP|(2s) {r,t}el>>{<7b) 


To show almost sure convergence, let 

rm[xi>^{k'^) ■ ■ ■Xi'^{k[)xi^{ki) ■ ■-Xi^iks)]. 

cr^£P2(2s) o-{kU^)=cr^ 

(T^<f 7 ( 2 U;^) 

Since P(a; : \Xm — EX^l > i?) < Var(Xm)/?7^, by the Borel-Cantelli lemma, it suffices to 
show that Var(Xm) < oo. But 

= ^ 5; 5; 14.,, 

cr>>,iT^ePi(2s) a{kUk')=a>’ 
o-(|UP)= 7 r*’ 


where 


14,1 =E(rm[a:i/(/c^) • ■ ■ Xi:^{k[)xi^{ki) ■ ■ ■ Xi^{ks)]Tm[xi^^{Q ■ ■ ■ Xi>^{i[)xi^{£i) ■ ■ 

- E{Tm[xi>^{k'^) ■ ■ ■ Xi'^{k[)xi^{ki) ■ ■ ■ Xi^{ks)])E{T^[xe^{Q ■ ■ ■ Xi'^{e[)xi^{ei) ■ • 


=E[ JJ e{[i{er),k{er)],[i{et),k{et)]) JJ e{[i{er')J{er')],[i{et>)J{et:)])\ 

By independence, 14,^ is nonzero only if at least one pair {r, t} G P{a^) and {r', t'} G /^(vr^) 
such that {k{er), k{et)} = {£{er'),i{et')}. In this case 

ik{k, k^,£,l- (^{k U^) = a\ a{£ U f) = tt^} < 
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Since is uniformly bounded and C{s) := [#P 2 ^( 2 s)]^ is independent from m, we have 


X]Var(X„ 


m=l 


m=l 


C(.) 




< cxo. 


□ 


Recall the notation Ip{a) and /sp(cr) from Section IZTl For i G [iV]'^ and a G Pi, 2 {d) with 
a < put 

(3.9) fa{i)= n (l{'i{er),i{et)) JJ q{i{er),iiet)), 

{r,t}£lp{a) {r,t}elsp{u) 


with the convention that the product over an empty index set is 1. 

Proposition 3.10. Let a G Pi, 2 {d) and a' G Pi^ 2 {d') be partitions. Let tCo-(i) and w„i{iL) 
he arbitrary Wick words defined in fl3.6p . Then for almost all ca G 12, 


(3.10) 


{Wn 


~ ’ 0, otherwise. 


Here is the vector obtained by removing coordinates in i which correspond to the pair 
blocks of a. 


Example 3.11. Suppose i = (2,4, 7,4, 7) and a = {{1}, {2}, {4}, {3, 5}}. Then = 
(2,4,4). 


Proof of Proposition \3.1 di By dehnition, 

(*),«;<,/(/)) = lim ^m[xi'^Xk'^,) ■ ■ ■ Xi^k'^Xifiki) ■ --Xifikd)]. 

(7{y)=(7' 

Note that wfii) is nonzero only if a < cr(i). Then ka = kg implies ia = iy. By flA.2p . we 
may assume that in xy fik'^,) ■ ■ ■ xy^ {k'^Xi.^ {kfi) ■ ■ ■ Xifikd) if ka = ky for a X fii then /c(, X 
for all 7 G [d']. In other words, ka X ^7 “ G [d] and 7 G [d'] if both of them belong 

to pair blocks. Applying Proposition 13.51 to Xjj {ki) ■ ■ ■ Xifikd) and Xi' {k'f) ■ ■ ■ Xi' fik'^,), we 
hnd 


Tmixi'^fik'd,) ■ ■ ■ XiXk[)xiXki) ■ --Xifikd)] 

= £{hk)£{L^)rm[xf^Xis>) ■ ■ ■ XjX^[)xjXei) ■ ■ ■ Xjfiis)], 
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where i G G -Pi(s'), j = j' = and E{i, k)e{i^, j^) is given in Proposition 

13.51 By independence, we have 

■ ■ ■ Xi:^{k[)Xi^{ki) ■ ■■Xi^{kd)] 

= n n q{i{er),i{et)) g(i(e^0p(et'))- 

{r-,l}e/p((T) {r,t}el3p{cr) {r',t'}Glp{cr') 

JJ g(i(ew),i(eiO)Er™K',(4)' ' ' Xj[{i[)xj^{ei) ■ • 

{r' ,t'}elsp{cr') 


As shown in Proposition 13.91 Tm[xj'^{i'g,) ■ ■ ■ Xf^{£[)xj^{£i) ■ ■ ■Xj^{£s)] is zero if £ and P are 
not equal as multisets, and there is nothing more to prove. Assume £ and P are equal. 
Let u and u' be the number of pair blocks in a and a'. By Proposition 13.91 we hnd 


E{Wa{i),Wa> (P)) 


m • • • (m — s + 1) 

= lim- 

m,u 


{m — s) ■ ■ ■ {m — s — u — u' + 1) 
m“+“' 


/a(i)/a'(i()Er™[a;j',(P,/) • ■ ■ xy^{£\)xj^{£i) ■ ■■XjS£s)] 

= fa ii) fa' (i„p) , W ( 4 p) ) . 


The almost sure convergence follows from the same argument as for Proposition 13.91 using 
the Borel-Cantelli lemma and independence. □ 


In the two proofs above, the Borel-Cantelli lemma may be avoided if we use the average 
model Pq; see Section [3Tl Note that for iE [m]^, Wa{i) = w{i) for any a G -Pi(s). 

Corollary 3.12. Let a < crd). We have w^{i) = fa{i)w{ip^p) for almost all oj E £1. 

Proof. Since tu is faithful on Pg, it suffices to show 

ru[{wa{i) - fa{i)w{i^p)y{w^{i) - fa{i)w{i^p))] = 0 . 

But by Proposition 13.101 we have 

{w{inp),Wyf)) = fa{-L}{w{i^p),w{i^p)). 

From here the claim follows by linearity. □ 


This result yields the following identihcation 
L 2 -span{t(;o-(i) : i G [N]^, a E Pi^ 2 (d), d E = L 2 -span{t(;(i) : i E [-N]^, s E Z_|_} 
with the inner product relation given by fl3.10l) . 

Proposition 3.13. .L 2 (rQ) = -L 2 -span{ta(i) : i E [./V]®,s G Z,+ }. 

Proof. Write := L 2 -span{ta(i) : i E [./V]®,s G Z+}. By Theorem 13.81 and Corollary 
13.121 L 2 {Tq) C Hy,. It remains to show that Hy, C .L 2 (rQ). We proceed by induction on 
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the length s of special Wick words w{i). First observe that if a{i) G Pi{s), then the only 
partition a < a{i) is a{i) itself. In this case, by Theorem 13.81 we have 

(3.11) (Tii(m))* • • • {xi^{m)y = Wa{i){i) = w{i) G L 2 {Tq) 
since every (xi^m))' is in r\p^ooLp(T q). If s = 1, 

- m 

w(i) = e i2(r<3) 

by dehnition. If s = 2 and ii y i^-, then w{%) G L 2 {Tq) by fl3.1ip . If ii = * 2 , using Theorem 
IMl we find 

{xi^m))* {xi^ra))* = tCa(i)(i) + Waoil) = 1 + 

where do G A(2). It follows that w{i) = w^^i) G L 2 (rg). Suppose w{i) G L 2 {Tq) for all 
i with \i\ < s. Consider i G [N]^- We know w{i) G L 2 {Tq) if a{i) G Pi{s). If a{i) ^ Pi{s), 
by Theorem 13.81 we have 

(3.12) (Tij(m))* • • • (Ti^(m))* = M;<^o(i) + ^ 

o'EPi,2(s) 

where cxo G Pi{s). By Corollary 13.121 we have tCcr(i) = fa{i)w{inp), and is a vector of 
dimension at most s — 2. By the induction hypothesis, tCo-(i) G L 2 (J'q) for a ^ Pi{s). We 
deduce from fl3.12p that w{i) = tCo-o(i) G L2(rQ). □ 

3.3. Fock spaces and mixed g-commutation relations. As consequences of the work 
in the previous section, we can describe the Fock space and creation/annihilation operators 
associated to Fq. Given a vector i, we denote by |i| the number of nonzero coordinates in 
i. Let Hq = span{tc(i) : |z| = s}. We define the mixed Fock space by 

CXD 

(3.13) = 

Clearly, Pn = L 2 -span{ic(z) : i G [W*,s G Z+|, which can be further identihed with 

L,(r„) by Proposition Eli 

Proposition 3.14. Let Xj = (:^ ^i(^))* ^ = I 5 ' • • be generators o/Fg 

and w{i) G Hq. Then 

S 1—1 

Xjw{i) = w{j U i) + ^ - k) JJ g(A, k)- 

l=l r=l 

Here j Ui = (j, ii, • • • , is) G is the concatenation operation defined in fl 3 . 8 p . i — ii = 

(A, • • • , ii-i, ii+i, ■ ■ ■ ,is) with \i — k\ = s — 1 , and we understand the product over empty 
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index set is 1. Therefore, 

CO OO 

Xj ^ ^ Ps+l^jPs “I” ^ ^ Ps—l^jPsi 
s=0 s=l 

where Pg ; Pq —>■ Hq is the orthogonal projection. 

Proof. By definition, 


XjW[l) = 


1 1 • 
A:o=l k£[m]’’:a{^)ePi{s) 


777,('*+I)/2 


E 


Xj{ko)xi^{ki) ■ ■■XiXks) 


koUk£ :a(koUk)£Pi ( 5 + 1 ) 


E 


Xj{ko)xi^{ki) ■ ■ ■ Xi^ikg)'^ . 


,777,(^+1)/2 

^=1 fcoLJfcS[m]®+^:A;o=fci 

o-(fe)ePi(s) 

The first term in the above equation is clearly the special Wick word w{j U z). To un¬ 
derstand the second one, we dehne ai G Pi, 2 {s + 1) by ai = aik^ U fc) for k^ = ki and 
k G Pi{s), i.e., 

(Ti = {{1,Z-|-1}, {2}, • • • ,{/},{/ -I- 2}, •• • , {s -I- 1}}. 

Using (the proof of) Lemma [3.61 we deduce that the arbitrary Wick word 

( ^(,+i )/2 Y^ Xj{ko)xi^{ki)---XiXks)) =w„^{iUi). 

fco UfcG [m] ^: /cQ 

fj(fc)GPi(s) 

Note that w„fj Uz) is nonzero only if <7/ < a{j Uz) or equivalently j = ii. Using (13.911 and 
Corollary 13.121 we hnd 


i-i 


w^^{j Uz) = ]^g(zr.,b)w(i- b). 


□ 


r=l 


Dehne operators Cj and aj acting on Pq by 

S 1 — 1 

(3.14) Cjw{i) = w{j Ui), ajw{i) = '^6j^i^w{i-ii)Y\_q{ir,ii)- 

l=l r=l 

Clearly Xj = Cj + aj, Cj = J2’^oPs+iXjPs and Oj = Ps-iXjPs- Since Xj = x*, we 

have c* = aj. We call Cj and Oj the creation and annihilation operators respectively for 
j = 1, - ■ ■ ,N. The following result is simply a recapitulation; see e.g. [BOOS] for more 
about QWEP C*-algebras. 
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Corollary 3.15. Let Tq be the von Neumann algebra generated by (the spectral projections 
of) Cj + Oj for j = 1, ■ ■ ■ , N. Then Fg = Fg. In particular, Tq is QWEP. 

Proposition 3.16. For j,k = 1, - ■ ■ ,N, cj and c* satisfy the mixed q-commutation rela¬ 
tion 

(3.15) clcj - q{j, k)cjcl = (5^-^1. 


1-1 


r=l 


Proof Let w{i) G Hq. Then, 

S 

c*Cjw{i) = c*w{j U i) = w{i) + U{i- ii))q{j, n) JJ g(v, k). 

i=i 

But 

S 1 — 1 

CjC*w{{) = Y u (i - *;)) n 

l=l r=l 

Hence c*Cjw{i) — q{j,j)cjC*w{i) = w{i). li j ^ k, then 

S 

clcjwii) = clw{j U i) = ^ dk,gw{j U{i- ii))q{j, ii) JJ g(v, h), 

1=1 

and 

S 1—1 

Cjclw{i) = Y^k,Hw{j u {i- ii))Ylq{ir,ii)- 

i=i 

Hence clcjw{i) — q{j, k)cjC%w{if} = 0. 


i-i 


r=l 


r=l 


□ 


Remark 3.17. The Fock space representation was studied in more general setting by 
Bozejko and Speicher in |BS94j . Let (cj) be an o.n.b. of a Hilbert space H. One can 
construct the Fock space IFq{H) following [BS94l[LP99j . Let O be the vacuum state and 
W be the Wick product, i.e., 

lF(eii (g) • • • 0 CjJO = Cii 0 • • • 0 Ci^. 

The Wick product was studied in detail in [KroOO] . Suppose i G [iV]® and j G [N]^' . We 
have 

{w{i),w{i)) = {ci, 0 • • • 0 0 • • • 0 CjJ, 

where the left side is given by Proposition 13.91 and the right side is understood as the 
inner product in see [BS94llLP99j . Our argument shows that one can alternatively 

implement fl3.15p and construct the Fock space using the probabilistic approach (Speicher’s 
CLT) and the von Neumann algebra ultraproduct. If qij < 1 and i G [N]^, we can 
identify our special Wick words w{i) with W{ei^ 0 • • • 0 e^J. Thus we can also identify 
Hq with This identihcation will play an important role when we study the operator 
algebraic properties of Fg in later parts of this paper. 
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3.4. The Ornstein—Uhlenbeck semigroup on Fg. Let T™ be the Ornstein-Uhlenbeck 
semigroup acting on Am] see |Bia97[ Section 2.1]. T™ is given by 

TI^Xi^{ki) ■ --Xi^ikd) = e~^‘^Xi^{ki) ■ ■ ■ Xi^{kd) 
if cr(fc) G Pi{d). Let us first recall an elementary fact. 

Lemma 3.18. Let (A/", r) be noncommutative W* probability space, where M is a von 
Neumann algebra and r is a normal faithful tracial state. Let T : M ^ Af be a ^-preserving 
linear normal map with pre-adjoint map T* : A/”* —?■ A/"*. Suppose T is self-adjoint on 
L 2 {Af,T). ThenT = T^\j^. 


Proof. Let x,y ^ Af. Denote the dual pairing between x* G A/”* and x by (x*,x), which 
can be implemented by (x*, x) = r(x*x). Since A/" C A/"* = Li{Af, r), 

{Tx,y) = T{{Tx)y) = {Tx,y*)L 2 (M,r) = r{x{Ty)) = {x,Ty) = {Px,y). □ 


Let {TIA)* : Li{Am) —^ Li{Am) be the pre-adjoint map of T^. By Lemma 13.181 it 
coincides with Tt on Am- Let Hmw Li{Am) be the ultraproduct of Banach spaces Li{Am)- 
Recall that Au = Neumann algebra ultraproduct in Section [RTl Note 

that we have the canonical inclusion Li{Au,tu) C Ylmu Let ((T™)*)* be the 

usual ultraproduct of (T/")*. If (x^)* G An, then 

{{Tn^riXm)- = {T^XmT e Au 

because sup^ ||T/"xm|| < sup^ ll^^mll < cxo. Hence, {{TA)*)* leaves Au invariant. We have 
checked the commutative diagram 


Li{-Au-, xuY 


Y\m,U Ll('Am) Xm) 


A 






(HD*)* 


■U^ Ll XuY rim U bn) • 


We dehne Tt = Then by construction, Tt : Au —^ Au is a normal 

unital completely positive map which is self-adjoint on L 2 {Auy Ut). By Lemma 13.181 again. 
Tt coincides with ((T™)*)* on Au and thus on L 2 {AuyTu). Since Fg C Au is a von 
Neumann subalgebra, L 2 (rg) C L 2 {Au) C Li{Au). Therefore, for i G [A^]^, w{i) G 
L2(rg), 

Ttw{i) = e"**Xii(fci) • ■■XiYks)^ = e-*^w{i) G L 2 (Fg). 

k-.a(J:)£Pi{s) 

Since L 2 (rg) fl Au = Tq, Tt leaves Fg invariant. Also, we see that (Tt)t>o is a strongly 
continuous semigroup in L 2 (rg). Note that in general (Tt)t>o may not be a point a-weakly 
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continuous semigroup in t, hence may not extend to a strongly continuous semigroup on 
L 2 {Au). By Theorem ESI 

ctEPi,2(c?) (TGPi,2{d) 

where \asing\ is the number of singletons in a, and \i^p\ is the dimension of fa{i) and 
are defined in (I3.9p and Proposition 13.101 The generator of Tt is the number operator, 
denoted by A. 


4. Analytic properties 


Our goal of this section is to prove some analytic properties for Tq. This will be done 
via a limit procedure, as was used in |Bia97[[jPP~*~15] for proving hypercontractivity. 

4.1. Hypercontractivity. It was proved by Biane [Bia97|. Theorem 5] that the Ornstein- 
Uhlenbeck semigroup acting on Am = Am{N,e) is hypercontractive. 


Theorem 4.1. Let 1 < p,r < oo. Then for every cu G O 


IT, 


f \ \ Lp — yL-r 


= 1 if and only if e ^ < 


p — 1 

r — 1 


With the hard work done in the previous section, it is very easy to prove the following 
result. 

Theorem 4.2. Let Tt be the Ornstein-Uhlenbeck semigroup on Pg for arbitrary N x N 
symmetric matrix Q with entries in [—1,1]. Then for 1 < p,r < oo, 


\Tt 


P _ ^ 

tWLp^Lr = 1 if and only if 

r — 1 


Proof. The “only if” part follows verbatim Biane’s argument |Bia971 p. 461]. For the 

converse, since the special Wick words span LpPPg), it suffices to prove that if 

then 


T E 


aiW[i, 


< 


E 


aiW[i) 


where is a finite linear combination of special Wick words. But by Theorem 

m “ ■ " 


i fcS[m]‘^L) :cr(fc)6Pi (d(i)) 

rijtd{i)/2 2-^ 


■ Xi 


< 


id(i) i^d.{i))) 
(^l) ■ ■ ■ a^id(i) 


k£ [m] : (7(k) G Pi {d{i )) 
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Since there is a canonical inclusion Lp{Tq) C Ilmwhave 


E 


aiW{i) 


lim 11 

m 1J \\ f ^ 


OLi 


p m,U II m' 


,d(i)/2 


{kd{i)) 


k£:(7{k)£Pi (d{i)) 


Similarly, 


Tt(y^^aiw{i)) 

i 

r 11 

i 


r 


= lim 

m,U \ 

•E—'■ TTi^h)/^ 

E 

X 

iiiki)--- 



i 

kG [m] :a(k)GPi(d{i)) 



= lim 

m,U 

rpm ( \ 

* 1 E—Z 


E 

Xii {ki 

)■■■ ^idii) (k 


i 


kG 

■^{k)ePiid(i)) 



The assertion follows immediately. □ 

This result in particular implies the hypercontractivity results for Tq{H) due to Biane 
|Bia97j and for obtained in |JPP+15j . See also |Kr6n5j for another generalization 

with the braid relation. Using the standard argument |Bia97j . the log-Sobolev inequality 
follows from optimal hypercontractivity bounds. Recall that A is the number operator 
associated to Pq. 

Corollary 4.3 (log-Sobolev inequality). For any finite linear combination of special Wick 
words f = Y^^aiwii), 


rQ(l/rin|/r)-||/||^ln||/||^<2rQ(/7ir). 


4.2. Derivations. Given the N x N matrix Q = (%■), we dehne a 2N x 2N matrix 


Q' = Q «) (J J) 


Q Q )- 


Recall that Am{N,e) is the spin matrix system with Nm generators as in Section f272 \ and 
JN,m = [-^] X [’Ll]- We can extend the function e to dehne on J 2 N,m. x J 2 N,m. as follows: 




k), (j, /)), {i, k), (j, 1) e JN,m, 

e{{i - iV, A:), (j, /)), I < j < N + 1 <i < 2N, 

{j - N,l)), 1 <i < N + 1 < j <2N, 

- iV, A:), (j - iV, /)), iV + 1 < *, j < 2N. 
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In other words, e' = e <8) (J J). We may write e for s' without causing any ambiguity. Now 
we dehne a linear map 

(4.1) b-A^{N,e)^Ari2N,e') 

n 

Xi^{ki)Xi^{k2) ■ ■■Xi^{kn) H- '^Xi^{ki) ■ ■ ■ Xi^_^{kc,-l)Xi^+N{ka)Xi^+^{ko,+l) ■ ■■Xi^{kn), 

a.=l 

where Xi^{ki)xi^{k 2 ) ■ ■ ■Xi^{kn) is assumed to be in the reduced form. See also |LP99j . It 
is easy to see that 6 is ^-preserving. 

Lemma 4.4. 6 is a derivation, i.e., -|- idirf) for two words f and p. 

Proof. The assertion follows from the fact that S is the derivative of certain one parameter 
group of automorphisms; see |LP98l[LP99llELP08] . We provide a direct elementary proof 
here. Note that if f and rj are two reduced words with no common generators, the deriva¬ 
tion property follows easily from fl4.1l) . It remains to verify the derivation property when 
f and 7] have common generators. Let f = Xi^{ki) ■ ■ ■ Xi^{kn) € Am{,N)£) be a reduced 
word and a an arbitrary generator. Assume a = Xj(a(,)(fc(ao)) and write the reduced form 
of af as af. Then 

(A) ^1)) (^oo > kao ) ) ' ' ' (^ao—1 > kaQ—l ); (^ao > kao ) )^ii (^1) ' ’ ’ ^icQ (^oo ) ' ’ ’ ^in i.kn )) 
where x means the generator x is omitted in the expression. We have 

6 (n^) £((ii, /ci), (iog, fcctQ)) ■ ■ ■ (^ao~i> kciQ—i'), i^iao > k^Q )) 

n 

Xi^{ki) • • • ■■Xi^{kn). 

Q:=l,a^Q:0 

Here we understand that if a = ao — 1 then i^+i is actually ia +2 because Xi^^{kao) is 
omitted. Similar remark applies when a = + 1 and we will follow this convention to 

ease notation in this proof. On the other hand, 

6{a)f + a6{f) 

=Xi,,^+N{kao)xh{ki) ■ --Xi^ikn) + aXi^{ki) ■ ■ ■ Xi^^+N{kao) • • - 
ao —1 'P' 

+ JJ (*ao)^«o)) X] Xi^{ki) ■ ■ ■ Xi^_^{ka_i)Xi^+N{k^)Xi^+^{ko,+ l) ■ ■ ■ Xi^{kn) 

i = l Q=l,a7^Q;0 

ao —1 ^ 

= n ^h{kl)---Xi^_^{ka-i)Xi^+N{ko)Xi^+Aka+l)---Xi^{kn). 

i=l a=l,a7^ao 

Here we used the commutation relation given by e in both equalities. Hence, 

(4.2) (5(a0 = (5(a)^-h 0(5(0. 
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Now assume 6{r]^) = S{ri)^+ri6{^) where both ^ and rj are reduced words and the generators 
of rj are all in i.e., 77 is a sub-word of We want to show that S{ar]^) = S(afi)^ + ar]6{^) 

where a is a generator. Note that arj^ = arj^. By fl4.2p and the induction hypothesis, 

5{a'qCj = 5{a)r]i + a5{j]i) 

= 6{a)r]^ + a6{T])^ + aT]6{^) = S{a^)^ + ar]6{^). 

The derivation property is verihed when 77 is a sub-word of For arbitrary reduced words 
^ and ? 7 , using the commutation relation we can write rj = 7/1772 so that rji and ^ have no 
common generators and the generators of 772 are in Then 

S{vO = S{ViV20 = Hvi)V 2^ + ViS{V20 = Hvi)V 2^ + ViS{V2)^ + ViV2S{0 
= + V 1 V 2 HO = + vHO- 

The proof is complete. □ 

This lemma implies in particular that (5(.^) can be dehned by fl4.ip and equals 6{^) even 
if ^ is not a reduced word. We will simply write 5(.^) for any word ^ in the following. If we 
denote by the number operator associated to the spin system Am{N,e), the gradient 
form is dehned as 

r’”(/,s) = i[A”(r)9 + rA’^(g) - /i“(rj)i 

for f,g E Am{N,e). The superscript m is used to distinguish the operators from their 
counterparts dehned for the limiting algebra Tq. We may simply omit this superscript if 
there is no ambiguity. 

Lemma 4.5. Let f,g ^ Am{N,e). Then 

r{f,g)=E{6{fr6{g)) 

where E : Am{‘iN,e) Am{N,e) is the conditional expectation satisfying 

E{xb) = ^Bn{{N+l,- ,2N}x[m\),(DXB 

for a reduced word xb- 

Proof. By linearity, it suffices to check r(/, g) = E{6{f)*6{g)) if / and g are reduced words 
in Am{N,e). Let Xb = Xjj(fci) • • ■ Xi^{kn), Xq = Xjj^{li) ■ ■ -Xj^i^ls) be two reduced words 
where B,C <Z [A^] x [m] consist of (i^, ka) and {jy, ly) respectively. By the derivation 
property fl4.1ll . 

E{5{XBr5{Xc)) 

n s 

= EE ij^n) ■ ■ ■ Xi^j^]\f{koi) ■ ■ ■ (fci)Xjj (/i) • • • Xjpj^]^{lff) ■ ■ ■ Xj^ {Is))- 

a=l f}=l 
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We claim that the only nonzero terms in the above snm are those with ka) = (j/ 3 , Ij^). 
Indeed, the conditional expectation simply computes the trace of generators with subscript 
greater than N in the reduced form of 

^in (^n) ■ ■ ■ ^ia+N{}^a) ' ' ' (^1 (^l) ‘ ' ' ^jp+Ni]'fi ) ' ' ' ^ja ij's) • 

Thus Xi^+N^ka) and have to be the same to cancel out in order to contribute to 

the sum. It follows that 
E{5{XBr5{Xc)) 

E{,Xi^{,kn) ■ ■ -Xi^+N^K) ■ ■■Xi^{ki)Xj^{h) ■ --Xj^+Nik) ■ ■■XjsiQ) 

(4.3) a,li-.{ia,ka)={ji3,lp) 

XiSkn)---Xi^{ke)---Xi^{ki)Xj^{ll)---Xjp{lfi)---XjXls)- 

OL,/3:(^ia^ka'} = {j j3 ) 

Here we used the extended commutation relation on A{2N, e) given by e in the last 
equality. Since Xb and Xc are reduced, given ka) G B there is at most one (j^, Ijs) G C 
such that they are equal, and vice versa. We see that there are \B r\C\ terms in the sum 
of fl4.3p . Hence, we hnd 

E{6{XBr6{Xc)) = \BnC\XlXc. 

On the other hand, 

T(Xb,Xc) 

= ^(A(X'b)Xc + X^A(Xc) - A(X^Xc)) 

= ^(1^1 + \C\ - \B/\C\)Xi^{kn) ■ ■ ■ Xi^{ka) ■ ■ ■ Xi^{ki)Xj,{h) ■ ■ ■ Xj^{l^) ■ ■ ■ XjXls)- 

Note that we have the same word here as the summand of fl4.3p . Since 2\B n C\ = 
\B\ + \C\ — IHAOI, we must have 

r(XB, Xc) = |H n OlX^Xc = E(<5 (Xb)*<5(Xc)). □ 

Let G Hq be a special Wick word with length s G We dehne a linear map 

i Aj/J, 

(4.4) i(„(j)) = (^ ^ 

k:a(k)ePi{s) 

where 5"* is the derivation dehned in fl4.ip . Here we used Remark lA.ll implicitly. Note 
that is bounded when acting on words with hxed length s although it is not uniformly 
(in m) bounded on Am- Hence S = (<5™)* is well-dehned on Hq. Since L 2 (J'q) = (B%qHq, 
we can dehne S on each Hq by fl4.4p . By dehnition, S is densely dehned on Eq = L 2 (J'q) 
and Dom((5) = Dom(H) can be identihed with the linear span of special Wick words with 
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finite length, where A is the number operator on L 2 (rQ). Since each w(i) is actually in 
rg, <5(M^(i)) is in rgi. 

Proposition 4.6. 5 : L 2 (rQ) —)■ L 2 (rQ/) is a dosed derivation. 

Proof. Let Pg : L 2 {Tq) —)■ Hq and P'^ : L 2 (rQ/) —)■ Hq, be the orthogonal projections. 
Suppose Xn e Dom((5), lim^^oo Iknih = 0 and lim^^oo ||^(3^n) - y \\2 = 0. Then PgXn 0 
for each s G It follows that 

Pg5{xn) = 5{Ps{xn)) —t 0 as n ^ oo. 

But Pg6{xn) PgH, we hnd P^y = 0 and thus y = 0. Hence 6 is closed. The derivation 
property follows from the dehnition fl4.4p . fl4.ip and Remark lA.ll □ 

Denote by Au{N) the von Neumann algebra ultraproduct of Am{N). Then E = (i?™)* : 
Auif^N) —)■ Au{N) is the canonical conditional expectation, where : Amif^N) —)■ 
Am{N) is given in Lemma IT5l Since Tg C Au{N) as a von Neumann subalgebra, there 
is trace preserving conditional expectation : Tg/ —)■ Tg which extends to contractions 
on Lp for 1 < p < oo. Recall that r(-, •) is the gradient form associated with the number 
operator A on Tg. 

Proposition 4.7. Let f,g ^ Dom((5). Then 

T{f,g) = E{5{frS{g)). 

Proof. By linearity, it suffices to check the claim for / = w{i) and g = w{i/_). By the 
construction of conditional expectation, the proof of Lemma 14.51 and the construction of 
the Ornstein-Uhlenbeck semigroup on L 2 (rg) in Section ITTI we have 

E[6{w{i))*6{w{il_))] 

k:a(k)£Pi(d) l^:a{J^)£Pi(d') 

= )^[A{w{i*)w{i!f) + w{i)* A{w{'i_)) — ^(u'(i)*w(L))] = r(ta(i), tc(fj)), 
where A is the number operator on Tg. □ 

4.3. Riesz transforms. Lust-Piquard showed the boundedness of Riesz transforms for 
the general spin system in |LP98j . Let T G Am{N,e) with TmiT) = 0. Recall that 
the Riesz transforms Rj{T) = Dj{A^)~^R{T) where Dj is the annihilation operator and 
j^m _ is the number operator for the spin system Am{N.,e). By Lemma 3.2 

and Proposition 1.3 in [LP98j . we have for 1 < p < oo, 

Nm 

i<p\T\\p < IIEL«j(Dllp < ^hliril,. 

i=i 


(4.5) 
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where Kp = 0{p^/{p - 1)^/^), ^ ^ = 1, and Pj is a certain tensor of Pauli matrices 

in the general spin system; see |LP981 Def. 2.1], It is known (see |LP991 p. 547]) that 
II where 6'^ is the derivation dehned in fl4.ip . By 

considering T = (14.51) can be rewritten as 

(4.6) < ||i’"(/)||, < KMA-'Y/-^S\\^, 

Now it is easy to recover Lust-Piquard’s main result in |LP99] . Recall that A is the number 
operator on Pq. 

Theorem 4.8 (Lust-Piquard). Let 1 < p < oo and ^ ^ = 1. Let 5 he defined by fl4.4p . 

Then for any f G Dom((5), 

where Kp = 0{jfi/{p — 1)^/^). 


Proof. We may assume without loss of generality that / = ^ hnite linear 

combination of special Wick words. Write w{i) = {X{i,m)y. Then, 


Similarly, 


IIWIIp=| 

\\A''P\\,^ 


ai6{w{i)) = lim aiS"^{X{i,m)) 

p m,U II 


lim|l = lim||(7l™)^/V||j 

m,w 11 p m,U 


The assertion follows from fl4.6p with a limiting procedure. 


□ 


In fact, we can give more precise estimates using the gradient form. Let 

Gp = Lp- span{tc( 2 ) : i G [2iV]^, s G M, 1 < ifc < for all but at most one k}. 

Since LpiVo) C Gp C LpiTg'), we have E : Gp ^ LpiTg) given by the restriction of the 
conditional expectation E : Tq' ^ Pq. If / G Pq/, we dehne ||/|U-(i?) = \\E{f*fy/^\\p and 
||/||L;(i?) = ||/1|L=(i?)- The conditional Lp{Tgfi space is 

Lrcrj^.lL;{E) + L;{E), ifl<p<2, 

\L;{E)nL;{E), if2<p<oo. 

Dehne Gp (resp. G^) as the space of Gp with the norm inherited from Lp{E) (resp. L^{E)). 
Now we follow [JMP14] to derive a Khintchine tvoe ineoualitv. First, since E : Tq' -)■ Pq 
extends to contractions on Lp for 1 < p < cxo, we have for / G Lp(rQ/) and 2 < p < oo, 

(4.7) max{||i5(/7)‘/=|l„ ||i5(/r)‘/=||p} < ||/|U,. 

This means that Lp(rQ/) C Ly{E) contractively for 2 < p < oo. 
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Lemma 4.9. Let E : Gp ^ Lp(Tq) be as above. Then for 2 < p < oo, 

wfWa, < c^m^{\\E(rffx, mfrxx] < cMfix, 

and for 1 < p <2, 

||/||g,< inf {\\E(g-gYXp+\\mh’)''X}<C.rLZy\l 

I=9+h y p — L 


Proof. Let 2 < p < oo. The right inequality is a special case of fl4.7p . For the left 
inequality, let n G M and i G [2iV]^. For j = 1, • • • , n, dehne 

(fj : [2NY -X [2iV]"^ 0j(i) = 0U---0UiU0---U0, 

where i occurs in the j-th position. Put 7ij{w{i)) = w{(j)j{i)), where w{(j)j{i)) is the special 
Wick word associated to 4>j{i). Dehne 

1 ” 

7r„ : Fq/ ^ 7in{w{i)) = w{4)j{i)). 

Vn “ 
j=i 

Here is the nxn matrix with all entries equal to 1. 7r„ extends to a trace preserving *- 
homomorphism. Alternatively, one may dehne via the second quantization functor as in 
|LP99j . It is crucial to observe that = 1, • • • ,n are fully independent over Fgigji^ 

(see |JZ13j l if w{i) G Gp. This can be checked from the dehnition of Er^ : Fq' -X Fq. We 
may assume that / is a hnite linear combination of special Wick words in Gp. Using the 
noncommutative Rosenthal inequality |,TXn8([JZ13] . we have 


71 r 


V j=i V 


max 


^E[7Tj{f)7Tj{fy 


1/2 


i=i 


1/2 


P 


Here we have extended the conditional expectation E : Tq/ ^ Tq to E : Fg/ig,!^ -x Fgigji^. 
Note that E[nj{f)*nj{f)] = 7ij[E{f*f)] and that ||Tj(/)||p = ||/||p. Sending n —)■ cx) for 
2 < p < oo, we have 


(4.8) II/IIg, < Cvl;max{||B(r/)'/2||„ 


For the case 1 < p < 2, we argue by duality. Dehne the orthogonal projection P : 
Ety{E) -X G 2 P L^yE). By orthogonality, for p G Fg/, 

E{g*g) = E{Pg*Pg) + E{P^g*P^g) > E{Pg*Pg). 


Similarly, E{gg*) > E{PgPg*). Since 

me^x{\\E{Pg*PgY/X, \\E{PgPgXX} < me^x{\\Eig*gY%, \\Eigg*Y%}, 
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we deduce from (14.Sh that P extends to a bounded projection with norm 

\\P:L;%E)^L,{rQ,)\\<C^ 

for 2 < p < oo. For 1 < p < 2 and / G G 2 , since P* = P, we have by duality 

ll/IU-CA) = ||P/||l-(e) < C^/^\\f\\Lp{rQ,), 

where ^ ^ = 1. By density, this inequality extends to / G Gp. Note that it suffices to 

consider the decomposition of / G Gp in Gp + Gp when we compute ||/||l'-'=(e)- This gives 
the right inequality. The left inequality follows from duality and (14.7^ . □ 

Remark 4.10. In fact, the above argument also shows that Gp is complemented in Lp(rQ/). 
Morally speaking, Gp is a Fq-Fq bimodule corresponding to differential forms of order one. 

Corollary 4.11. (a) Let 2 < p < 00 . Then for every f G Dom(y4), 

Cp^\\A^/‘^f\\p < max{||F(/, /)^/^||p, \\T{r J*y^^\\p} < Kp\\A^/‘^f\\p 

where Cp = 0{p^) and Kp = 0(p^/^). 

(h) Let 1 < p < 2. Then for every f G Dom(y4), 

< „ inf , {||f5(s'9)‘''"ll, + < GP'-'Vll. 

S{f)=9+h 

g(zGp,hGGp 

where Kp> = 0(l/(p — 1)^/^) and Gp = 0(l/(p — 1)^). 

Proof. Note that 6{f) G Gp if / G Dom(y4). Since E{6{f)*6{f)) = F(/,/), using Lemma 
14.91 for 2 < p < cx), we have 

ll'5(/)ll, < cu;miK{||r(/. fpx, ||r(/-.r)‘/ 2||4 < cximfX- 

Now apply Theorem 14.81 to conclude (a). For the constants, Kp = is trivial. Since 

Pp/ = 0(p'^/(p' — 1)^/^) = 0(p^/^), we have Cp < 0{p^). Assertion (b) follows similarly 
using Lemma 14.91 and Theorem 14.81 □ 

Compared with Theorem 14.81 proved in [LP99j . this result is closer to Lust-Piquard’s 
original formulation of the Riesz transforms on the Walsh system and the fermions given 
in |LP98] . In particular, we get the exact order of constants as in |LP98] . 

4.4. Lp Poincare inequalities. It was proved by Efraim and Lust-Piquard in [ELP08j 
that the Lp Poincare inequalities (2 < p < cxo) 

(4.9) ll/-T„(/)||p<Cv15max{||r”(/,/)‘-'=||„r”(r,r)‘/^|U 

hold for Walsh systems and CAR algebras. In fact, the same proof also works for the 
general spin matrix system Am with some technical variants as shown in |LP98] . Indeed, 
Lemma 6.2-6.5 in |ELP08] hold for the general spin systems, from which fl4.9p follows. 
Recall that we denote by A the number operator on Fg. 
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Theorem 4.12. Let 2 < p < oo. Then for every f G Dom(y4), 

11/ - rQ{f% < Cvpmax{||r(/, /)‘/"||,, r(/-, 


Proof. Assume without loss of generality that / = = (/”^)* is a finite linear 

combination of special Wick words. Note that E{6{f)*6{f)) = (£'™'[(5™'(/™')(5™'(/”^)])*. 
Then the assertion follows from 04.91) and a limiting procedure as for Theorem 14.21 and 
Theorem 14.81 with the help of Lemma 14.51 and Proposition 14.71 □ 


5. Strong solidity 

5.1. CCAP. Let Tq{H) be the g-Gaussian von Neumann algebra associated to a real 
Hilbert space H with dimiL > 2; see e.g. |BKS97j for more information on rg{H). Avsec 
showed that Tg{H) for — 1 < g < 1 has the weak* completely contractive approximation 
property (w*CCAP) in |Avsllj . In particular, Tg{H) is weakly amenable. Our goal here 
is to prove that Pg also has w*CCAP if maxi<jj<Ar \qij\ < 1. Our argument is based on 
Avsec’s result. 

Assume maxjj |gjj| < 1. We may hnd g such that maxjj Ig^l < g < 1. Let Q = 
qQ, where Q = (g^) satishes maxjj \qij\ < 1. For h E H, let c'^{h) and {c^)*{h) be 
the creation and annihilation operators, respectively, acting on the g-Fock space Eg{H), 
where dimH = N. We write the g-Gaussian variables as s'^{h) = d^{h) + In 

particular, for an orthonormal basis (o.n.b.) (cj) of H, we write = s'^{ej). Similarly, we 
write = c^{h) + {c^)*{h) for the mixed g-Gaussian variables of Fg; see |LP99j . In 

particular, s® = We write Xij = 0 cj), where (/j) is an o.n.b. of and 

(cj) is an o.n.b. of £ 2 . Glearly, Xjj’s generate We first construct an “approximate 

co-multiplication” for Fg. 

Proposition 5.1. Let nu :Tq ^ Y\mU^Qmm. ® *-homomorphism given by 


Tru(a?) = 


k=l 




Then ttk is trace preserving. Therefore, Tq is isomorphic to the von Neumann algebra 
generated by 7iu{sf). 
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Proof. Let d be an even integer. By the moment formnla (I3.2p . 

® • • • 4,) ® 

= n 4iier)p{et)) 

o-GP 2 {d)(j{k)=a {r,t}Gl{a) 

crGP 2 {d),a<o-{i) o-{k)=a {r,t}Gl{a) 

where I (a) is the set of inversions for the partition a. Counting the number of k with 
a{k) = a, we have 

= Y1 n 4iier),i{et)). 

feS[m]‘^ a£P 2 {d),a<(j{i) {r,t}S/(o-) 

This coincides with TQ{sf_^ ■ ■ ■ sfj given by 03.21) . □ 

Now we want to understand the image of Wick words of Tg under nu. We need a Wick 
word decomposition result similar to Theorem 13.81 For i G [iV]'^, we dehne 

(5.1) = . 

k:cr{k)£Pi (d) 

Proposition 5.2. Following the notation of Proposition [Ql we have 

<(i). 

CF<(t{i) 

Here w^{i) = faiDw'^ii.np)> f4l) i^p are the same as those in Progosition \3.1(A 
Proof. Following verbatim the argument for Theorem 13.81 we have 

^w(s^---sg)= Y 

o-ePi,2(rf) 

Here we have 

Y1 [i4r ■ ■ ■ ^ ■ ■ ■ Xi,,k,)]) , 

k£ [m]^:cr{k)=a 

and Afs{k) is the von Neumann algebra generated by all where kaS correspond 

to singleton blocks in k. To simplify the conditional expectation in the ultraproduct, we 
denote by Aff{k) and Aff{k) the von Neumann algebras generated by 0 and 














MIXED g-GAUSSIAN ALGEBRAS 


35 


rg(£™) (g) Xi^^kjs, respectively, where kaS correspond to singleton blocks in k. Clearly, 
Afsik) C J^s{k) n A/7(^)- We claim that 


(5.2) ■ ■' ^id,kd)) 


if = (^ik) < c^(i), 

0, otherwise. 


where {h, - ■ ■ , h) is obtained by deleting pair blocks in k, which also gives the correspond¬ 
ing (ji, ••• Js), and 


fa,Qil)= n JJ q{i{er),i{et)). 

{r,t}&Ip{(T) {r,t}elsp{a-) 

Unlike the matrix models, do not have commutation relations. We check fl5.2p by 

calculating the inner product of ® Xi^^^ki ■ ■ 'Xid,kd) nnd monomials generated by 

1 fee’s in N’sik). Let l®Xi'^^k{'' '^i'„,k'„ ^ -^Kk) be a monomial. Since Ej^ 2 ^k) is trace 
preserving, by the moment formula fl3.2p for mixed g-Gaussian algebras, 

'^Q®trr\^^'r>.En ' ' ' ^ ,k'l^^ M ' ' ''^idEd)] 

^ \ if = ^(k) < ^(l), 

1 0, otherwise. 

Hence (15.21) is verihed. Similarly, it can be checked that 

JSK‘(ti((4, ■ ■ • 4J ® 1 ) = ... 4 . 

Note that fa{i) = The assertion follows from the fact that Ej^^i^k) = 

ENs{k)EM}{k)EN'i{k)- n 


Proposition 5.3. tiu extends to an isomorphism between L 2 {Tq) and L 2 -spa.ia{w^{i) : i G 

[iVj^de z+}. 


Proof. Put ihiy = L 2 -span{t(;^(z) : i G [NY,d G Z+}. By Proposition 15.21 we know that 
^u{E 2 {^q)) C H]y. The converse containment follows from the same induction argument 
as for Proposition 13.131 □ 

Remark 5.4. In fact, one can prove that vrz^(tc(i)) = w^{i) using the Fock space represen¬ 
tation. Since we do not need this fact, we leave it to the reader. 


Now we are ready for the hrst main result of this section. 

Theorem 5.5. Pq has the weak* completely contractive approximation property for all Q 
with maxi<ij<Ar \qij\ < 1. 


Proof. Let iP be a real Hilbert soace and —1 < 0 < 1. In |Avs H] , Avsec proved that there 
exists a net of hnite rank maps (pa(A) which converges to the identity map on Tq{H) in 
the point-weak* topology and such that || 9 ?Q,(A)||cfe < 1 + £ for some prescribed e. Here 
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II • ||c6 is the completely bounded norm and only depends on the number operator 

A on FglH). Let Q = qQ as above. Consider the following diagram: 


tpcy. 


Y\mjU ^9 ®^g(g)l. 

¥’Q;(A)(g)id 


where we define ilja = o (8)id) onu- Here <Pq,(H) ®id is well-defined on the ultra¬ 

product of von Neumann algebras because it is uniformly bounded in each ^ 

By an argument similar to that in Section [3^ <8) id is a normal map. Note that 'ipa 

is well-defined because ttu is injective and 0 id acts as a multiplier. We claim that 

'0Q, is the desirable completely contractive approximation of identity. By construction, the 
only non-trivial thing to check is that 'ipa is finite rank. To this end, it suffices to show 
that (p{A)a ^ id restricted to 

Tru{L2{TQ)) = L2-span{M;®(i) : i G G N} 

is hnite rank thanks to Proposition 15.11 and 15.31 Since <^a{A) is finite rank, suppose its 
range is span{s^^ ''' ^ ^neNPi{n), k G H} for some finite set B. Then the range 

of ®id|^^(i,(rQ)) is 

span{4^---s|^®a:ii,fci---Xi„,fc„ : a{k) G U„6N^i(n),fc G B}. 

Therefore (pa{,A) (g) id | 7 rM(L 2 (rQ)) is a finite rank map. □ 


5.2. Strong solidity. We follow closely the argument in |Avs TTlIHSll] . The strategy is to 
hrst prove a weak containment result of bimodules and then use it to prove strong solidity 
of Tq. See e.g. iBnnsi iA vs m for more details on bimodules and weak containment. For 
simplicity, we write Q' = Q 0 I 2 = Q ® (J as in Section Wf2\ Here, we assume 

(5.3) max \qij\ < q^ < q < 1. 

Recall that L\{Tqi) denotes the subspace of L 2 (rg') which consists of mean zero elements. 
Dehne the following subspaces of L 2 (rg') 

Fjn = L 2 - span{tc(i) : i G [2iV]®, s G M, s > m, 3ii, • • • ,im ^ {N -|- 1, • • • , 2iV}}, 

and Em = ©fcLo-^fc- Clearly, E;^ is a Tg-rg-subbimodule of L 2 (rg')- We want to show 
that E:^ is weakly contained in the coarse bimodule L 2 (rg) 0 L 2 (rg) for m large enough. 
By Proposition 13.131 we may identify L 2 (rg') with the Fock space Eq/. For r; G L 2 (rg')) 
dehne : T 2 (Fg) L 2 (Fg) by 
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To distinguish the left action and the right action of Tq/ on L 2 (Tq'), we write l{hi) (resp. 
r{hi)) as the left (resp. right) creation operator associated to hi acting on the Fock space 
^Q'l i-G-) 

l{hi){hj^ (g) • • • 0 hjj = hi ® ® hj^, 

r{hi){hj^ 0 • • • 0 hj^) = 0 • • • 0 hj^ 0 hj. 

Here hds are elements in © C^. We write l{hi)* (resp. r{hi)*) as the left 

(resp. right) annihilation operator acting on the Fock space J^q/. See more details for 
these operations in [BS941[I7P99j . One can also dehne them following Section [3.31 after 
choosing an o.n.b. Denote by 

H'^ = span{t(;(i) G L 2 {Tq') : i G [2iV]®} and = span{t(;(7) G L 2 {Tq) : i G [iV]*}. 

Lemma 5.6. Assume fl5.3p . Let (cj)^^^ he an o.n.b. of . Suppose i G [2iV]"i and 
j G [ 2 iV ]"'2 ^ /y there are exactly n elements of {v+i, • • • Dm} in {N + 1, • • • , 2N}, then 

WEtq [l{ei,) ■ ■ ■ /(eiJ/(ei^+J* • • • /(ei„JV(ejJ • • • r(ejJr(ej^+J* • • • r{ej^J*{x)]\\2 
for all X G i?“. 


Proof. Note that among all possible conhgurations, the assertion is non-trivial only when 


ill ' ' ' pri js+li ' ' ' 1 jn 2 ^ Ef- 


By |BS94l Theorem 3.1], 

(5.4) ||r(e,J*|| < 






1 


VI - 9 


We may assume without loss of generality that r = 0, s = n 2 and estimate the norm of 
/(cjj* • • • /(ej„^)*r(ejj • ■ -r^Cj^^). The idea is that all e^^’s with ir > N have to pair with 
Cjfs to cancel out, and moving across the element x will yield a power of q. Let us assume 
in, > N to illustrate the argument. Note that by Remark 13.171 77" can be identihed with 
{C^ © 0)®" via 

w{i) HA hF(eji 0 • • • 0 CiJ HA 6*^ 0 • • • 0 Ci^. 

First assume a: = 0 • • • 0 Using fl3.14p (or the formula on p. 109 of |BS94] L we 

hnd 


rx2 a rx2 

Kein.Triej,) ■ • •r(ej„Jx = ^ JJH ® ©m 0 • • • 0 0 • --ej^ 

m=l s=l r=m+l 

712 a 712 

= n ^W 7 U(eii) • --riejj ■ ■■r{ej^^)x, 

771=1 s=l r=m+l 


where Cj^ and r{ej^) mean that ej^ and r{ej^) are omitted in the expression. The difficulty 
is that the coefficient in front of x depends on x. In order to extend the above equation 
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to arbitrary x G we will find a linear operator for any fixed m via deformation and 
enlargement of the algebra. Define = g^/g for 1 < i, j < Q = (gij), and 

p 

V Q«)l2 / ‘ 

Note that (I5.3p implies that maxjj \pij\ < q. We can construct new von Neumann algebras 
r p and rClearly, we have the following relation 

We still denote by Eyq : FP(g)i„ 2 +i ^ Tq the conditional expectation. Let = in-^ + 2N, 


jr 


jr + 2iV, if jr > N, 
jr, otherwise. 


For fixed m, let 

irp = + 4mA^ = +2N + 4mN, jm = jm + ^rnN 

and jr = jr for r ^ m. In L 2 (Fpigii^^^J, observing the repetition pattern in the matrix P, 
we have 


)[l{ei )*r{e~^ )]r{e~^ ) ■ ■ ■r{e~^ )x 

^ jl' ^ — ^ '' Jm+1' ' J'^2' 

722 Ol 712 

~ ^ ^ ,ju TT *^*"1 IT ^*"1 


,Jv ' Jl' ' Jm—1' ' Ju 




u=m 

a 


s=l 

722 


77=72+1 


S=1 77=772+1 

where if G {iV + 1, • • • , 2iV} and pi^j^ = qt^^p otherwise. Note that 

the term 4miV is used to guarantee that l(er )* only annihilates . Let 

^ ^ Jm 

J(m) = : p G {m + 1, • • • ,^ 2 }, < iV}. 

Then 


^2 


722 


QL' V^n) ■ 


r[ej^,)x\ 


772=1 S=1 r=772 + l 

722 CK 722 

n Pir.,3AAAn)---HejJ---r{e.Jx] 


772=1 


S=1 


v=7n-\-l 



MIXED g-GAUSSIAN ALGEBRAS 


39 


Here the conditional expectation is used in the second equality so that the change in i and 
j will not affect the resultant value in L 2 {Tq). Note that the summand in fIS.Sp does not 
depend on x for each fixed m. By linearity, fIS.Sp holds for any x G We deduce from 
fl5.4p and the triangle inequality that 

11 ^Lq (ei,, J V (cj J • • • r ) x] 11 2 < 11 a; 11 2 

for all X G Since l{ei^^)*r{ej^) ■ ■ ■r{ej^^)x is a linear combination of words with hxed 
length, the above argument can be easily extended to handle more than one annihilators. 
To get a norm estimate on ErQ[l{eiJ* ■ ■ ■ • • ■r{ej„^){x)], it suffices to consider 

the configuration which yields the minimal power of q. This case occurs when 

' ) *n! jn 2 —n+li ' ' ' i jn 2 ^ T 1, ' ' ' , 2iV]-. 

In this situation, need to cross at least a — (ni — n) terms to cancel 

with Cj/s. This gives Using fl5.4p to estimate the norm of 

yields a constant Cq^ni- We proceed in this way to complete the proof. □ 

We will use the normal form theorem of Wick products |BKS97[lKr600j to estimate the 
norm of *hg,r;- This is achieved via the following result. 

Lemma 5.7. Assume fl5.3p . Let ^ G andrj G Then for a > 2{ni+n2) 

and X G i7“, we have 

||4j,,(i)||2 < 

Moreover, 6 ■ 

Proof. First we assume f = w{i),r] = w{j) and identify x as a vector in (C^ © 0)". By 
the normal form theorem of Wick products |BKS97j and |Kr600[ Theorem 1], we have 

w{i) = W{ei^ © • • • © 

ni 

T 0 O'GiS'ri /(S'r X iStt, _7-) 

where ct(v) = V-ip)) and K{Q, a) is a product of certain entries of Q and only depending 
on Q and a. The precise value of K{Q,a) is irrelevant here. We only need the fact that 
|-^(Q,cr)| < Cg^ni for some constant Cq^ni depending on q and Ui. We have a similar 
formula for w{j). It follows that 

ni n2 

F (Q, o')K(^Q, Ti'jFi'g [^(C(T(q)) ■ ■ ■ )^(C(T(i,.+i)) 

r = 0 S = 0 f7eSni/(‘S'r-XS„j_2.) 

'F^Sti2 X S712 —s') 

*(e»(in.))*’'(ei(„)) ■ ■ ■ ’■(e,0.))’’(e.0.+i))'''' ’•(e..(2„,))'(2')] ■ 


(5.6) 
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By Lemma [5.6[ 

II -^Fq [^(Ccr(ii)) ■ ■ ■ ^{^cr{ir))K^cr{ir+i)) ' ' ' K^cr{ini)) ' ' ' '^{^Tr{js)) 

Since a — rii — n 2 + s + r + n> ^a, it follows from the triangle inequality that 

Now suppose T] are linear combinations of special Wick words. Using the triangle in¬ 
equality again, we have proved the hrst assertion. As for the range of *hg,T 7 , a moment 
of thought shows that the summand in fl5.6l) has length a — rii — n 2 + 2s + 2r and that 
0<r<?7,i—n, n<s<n 2 because we must have cr(ii), • • • , (T{ir),'^ijs+i), ■ ■ ■ , '^{jn 2 ) < ^ 
so that the right-hand side of 05.61) is nonzero. This gives the “moreover” part of the 
lemma. □ 

Lemma 5.8. Let K = T : K ^ K be an operator such that 

i) dim(A'„) < dL; ii) ||T|x„|| < for n > Hq; hi) a'^d < 1. 

Then T is Hilbert-Schmidt. 


Proof. Let Pn '■ K ^ Kn be the orthogonal projection. Then 

tr(T*T) = ^tr((TP„)*TP„) < ^ ||TP„||V <C^a^^d^ 

n n n 

Since the series is absolutely convergent the assertion follows immediately. □ 

Lemma 5.9. Let ^,7] G Fn and n > — InA^/lng. Then : L 2 (rQ) —)■ L 2 {Tq) is 
Hilbert-Schmidt. 


Proof. Write L 2 {Tq) = Then dim(P") < and q^N < 1. By Lemma IHTTl we 

have 

The assertion follows from Lemma [5.81 □ 


Proposition 5.10. Let n > —Then is weakly contained in the coarse bimodule 
L2{Tq) ® L2{Tq). 


Proof. The proof is given in |Avslll Proposition 4.1] using Lemma [5.91 


□ 


Let Rt : —)■ be the orthogonal transform 

„ _ / e“*id —'s/I — id \ 
* V s/l — id e“Ad / 


where id 


pN 


-)■ 


pN 


is the identity operator and we understand the canonical o.n.b. 


in 0 © is {cat+i, • • • ,e 2 v}- Recall from |LP99l Lemma 3.1] that there is a second 
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quantization functor Fq which sends the category of Hilbert spaces to the category of mixed 
g-Gaussian algebras. Let at = Tq^Ri). Then at is a trace preserving ^-automorphism on 
Fq/ and extends to an isometry on L 2 (Fq/). It is easy to check that Tt = Eyq oat coincides 
with the Ornstein-Uhlenbeck semigroup on Fg defined in Section 13.41 The following is a 
modification of Popa’s s-malleable deformation estimate |Pop08 Lemma 2.1]. The proof 
modifies slightly that of |Avslll Proposition 5.1]. We provide the difference here for the 
reader’s convenience. Recall that VliTgi) = 


Proposition 5.11. Let Pk : L^iTQ/) E-^ he the orthogonal projection. Then for k>l, 
we have 


\\{atk - id)(x)||2 < Ck\\Pk-iat{x)\\2 
for X e C L 2 (Fq) and t < 2“^. 


Proof. Note that — id and Pk-iat preserve the length of n-tensors for n > k and t > 0. 
It suffices to prove the assertion for x G FF” with n > k. Identify FF" with (C'^ © 0)®"'. 
Let X = 6,^ © • • • © ej„ and y = ® . Then 

n 

{Pk-iat{x),Pk-iat{y)) = Ppmatiy)) 

m=k 

where the inner product is given by Proposition 13.91 and Pp^ : L^iTgi) E^ is the 
orthogonal projection. By the second quantization |LP991 Lemma 3.1], we know that 

at(eii © • • • © ei„) = + Vl - e-^^eN+h) © • • • © + Vl - 

It follows that 

PF„a,(x) = Y1 (1 - ■ ® e.,,,..,. 

where TTsip) = N + ik for k ^ B and PBi^k) = P otherwise. Similarly, we get 

PF„a,(y)^ Y, (l-e©”A-‘'"-'“>e.,„U,l®-"®e,c.fa.), 

,n},\C\=m 

where ncUk) = N + jk ior k E C and FcUk) = jk otherwise. By Proposition 13.91 
(Pp^atix), Pp^atiy)) is nonzero only if ■■■ , vrB(©)} and {vrcO'i), • • • , 7rc(jn)} are 

equal as multisets. Hence, the indices in B have to be paired with the indices in C when 
we compute © • • • © e-KcUi) G) • • • © (^-KciB)) using Proposition 1X3 For every 

fixed R, pairing all the possible C with B and the corresponding with F?'’ gives all the 
bipartite partitions of iUj. Using Proposition 13.91 again, we see that 

{PF.a,(x), Ff„a,( 9 )) = (1 - {x, y). 

,n},\B\=m, 
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By linearity, this identity holds for arbitrary x,y E H"^. Hence, 


{P,_,a,{x),Pk-ia,{y)) = ^(1 - Q {x,y). 


m=k 

Since the Ornstein-Uhlenbeck semigroup Tt is self-adjoint on L 2 {Tq) and at is trace pre¬ 
serving, we have for x,y E (C^ © 0)'^"', 

{{atk - id)(a;), - id)(i/)) = 2{{x,y) - {x,Ttk{y))) = 2(1 - e-^^’‘){x,y). 

The rest of the proof is just numerical estimate, which is provided in the proof of |Avslll 
Proposition 5.1]. □ 


The following is the main result of this section. 

Theorem 5.12. Let Q be a real symmetric N x N matrix with maxi<jj<Ar \qij\ < 1 and 
N < oo. Then Tq is strongly solid. 

Proof. The proof is the same as that of |AvslH Theorem B], with the help of Theorem 
15.51 Proposition 15.101 and Proposition 15.111 The argument in |Avsll] follows literally the 
same strategy as that of |HS111 Theorem 3.5], which in turn is a suitable modification of 



Appendix A. Speicher’s central limit theorem 


Proof of Theorem \3.1[ The proof is rephrased from |Spe93| and also follows |JPP~*'15] . We 
first show that the convergence holds on average, and then prove almost sure convergence 
using the Borel-Cantelli lemma. We write 

(A.l) Tm{xi^{m) ■ ■-Xi^im)) = ^— rm{xi^{ki) ■ ■ ■ Xi^{ks)) 

m' ^^ 

k^[mY 

= H Tm{Xt,{kt)---XtXks))=-.:^^ Y. 

(T^P[s) crEP(s) 

(j(fc) = C7 


By the commutation/anticommutation relation, = 0 if a contains a singleton. Note 
that \Tm{xi^{ki) ■ ■ ■ Xi^{ks))\ <1. If ex has r blocks, then A^. < m{m — 1) • • • (m — r + 1). 
Hence, 


(A.2) 


lim 


m—)-oo Tfl 


s/2 


A. 


0 


for r < s/2 and thus for a G P{s)\P 2 {s) since the singleton case is automatically true. Our 
argument so far is independent of cu G O so that flA.2p holds for all u E Ll. The theorem 
follows immediately from (1A.211 if s is odd. Therefore, we only need to consider a E p 2 (s) 
in flA.lD . To this end, we write a = {{ei, Zi}, • • • , { 6 ^/ 2 , ^s/ 2 }}- Since a{k) = a is a pair 
partition, if kj = ki, then ij = ii in order for Xi.{kj) and Xifki) to cancel out. Hence we 

































MIXED g-GAUSSIAN ALGEBRAS 


43 


may assume a < a { i ). In this case, if {r, t } G /(ex), then we have to switch Xj(e^)(/c(er)) and 
to cancel the corresponding and terms, which yields 

(A.3) Tmixi ^ ih ) ■ ■ ■ Xi ^{ ks )) = JJ e {[ i { er ), k { er )],[ i { et ), k { et )]). 

{r,t}e/(o-) 

By independence and counting the elements in {k G [m]^|cr(fc) = a }, we hnd 

kG[mY {r,t}E/(fj) 

(j(fc)=cr 

= m(m - 1) ■ ■ • (m - s/2 + 1) q { i { er ), i { et )). 

{ r , t } el { a ) 


Combining together, we have 

(A.4) \im E { Tm { xi ^{ m ) ■ ■- Xi ^ im ))) = TT q { i { er ), i { et )). 

crEP2(s) {r,t}E/(cr) 
cr<cr(2) 


It remains to prove the almost sure convergence. Put Xm = Tmixi^im) ■ ■ •Xj^(m))) and 
Em{oi) = {u : \Xm — EXm\ > «}• Then we only need to show P(limsup^= 0. 
By the Borel-Cantelli lemma and Chebyshev’s inequality, it suffices to show that for any 
a > 0, 

oo ^ cx:) 

P(T^m(a)) < — Var(X^) < oo, 

m=l ^ m=l 

where Var(Xm) is the variance of X^- Decompose X^ = where corresponds 

to sum over all pair partitions in flA.ip and = Xm — Ym- Since flA.2p holds for 
a G P{s)\P2{s), we have lirnm^-oo Xm—Ym = 0 for all cu G D. But Zm is uniformly bounded, 
linim^oo Var(Zm) = 0. Therefore, we only need to show that < oo- Write 

Var(y„) = -/ 53 53 L,.!, 

cr,TTGP 2 (s) h.:cr(k) = a 

l:a(V)=n 


where 


hfcji lE[Tm i^Xi^ (^l) ■ ■ ■ Xi^ iks)')Xm (^ii (^l) ‘ ' Xi^ (^s) )] 

- E[Tm{Xi^{kl) ■ ■ ■ XiXks))\E[Trn{Xi^{h) ' ' ' Xi^{ls))] 

(A. 5 ) =e(^ JJ e{[i{er),k{er)\,[i{et),k{et)\) JJ £([f(e^/),/(e^/)], [f(ctO,/(et/)])) 

{r,t}el{a) {r',t'}e/(7r) 

- n ^(*(^^)d(d)) n q{i{er'),i{et')). 

{r,t}el(cr) {r' ,t'}eI{TT) 


Let us analyze the product in flA.Sp . If { k { er ), k { et )} ^ { l { er '), l { et ')} for all { r , t } G /(a) 
and G /(tt), then 14,i = 0. In order to contribute for Var(L4), there exists at least 









44 


MARIUS JUNGE AND QIANG ZENG 


one pair {r, t} G I{a) and one pair {r',t'} G /(vr) such that {k{er), k{et)} = {l{er>),l{et')}. 
In this case, we have 

/ : a{k) = a, a{f) = vr} < 

Note that |I4,il < 1 and C(s) := [^P 2 (s)]^ does not depend on m. It follows that 

C{s) 


Var(i;„) < ^ < cx), 


m=l 


m=l 


as desired. 


□ 


Remark A.l. In the above argument, we assumed that e{{i,k), are independent for 
different indices. However, the independence assumption can be weakened if the structure 
matrix is of the form Q 0 1„, where Q is an iV x iV symmetric matrix with entries in 

[—1,1]. In this case we require that £((i, fc), (j,/))’s are independent (up to symmetric 

assumption) with fl3.ip for (v, k), (j, 1) G [N] x N and then 

(A. 6 ) e{{i + aN, k), {j + f3N, /)) = e{{i, k), (j, /)) 

for «, /3 = 1, • • • , n — 1. In other words, e = e|i<jj<Ar ( 8 ) 1„. To verify the claim, we only 
need to show the dependence introduced in flA. 6 D will not destroy the proof of Theorem 

13.11 Indeed, by flA.2p it suffices to consider pair partitions. Suppose ijs = ia + N. Then a 
and are not in the same pair block of cr(v). It follows that ka 7 ^ /c^ since cr(fc) < a{i). 
(If ka = kp, then ia = ijs in order for Xi^{ka) and Xi^ikjj) to cancel.) Hence, the random 
signs in flA.3p are pairwise different. Note that unlike the case in the proof of Theorem 

13.11 now we may have 

£((*«, ka), (* 7 , k^)) and kp), (v^, k^)) = e((v«, kfi), (v^, k^)) 

in flA.3D . but the two random signs are not equal because ka 7 ^ kp. In other words, the 
second coordinates {ka,k^) in e{{ia,ka), {i^,k^)) are never the same for random signs in 
(IA.3P even under the weaker condition flA.bp so that {ia,^) may be the same for different 
random signs. The point is that the independence structure in the proof of Theorem 13.II is 
given via the second coordinates fc^’s. The rest of the argument is the same as for Theorem 

13.11 We invite the interested reader to consider the simplest case Q = qlN- In this case 
we can take e((i, fc), (j, /)) = e{{i, k), (i, /)) and require e((i, k), {i, 1)) to be independent for 
different k and / up to symmetry. 


By this remark, the moment formula fl3.2p remains valid with the weaker condition 
flA.bp . The same discussion applies in other parts of the paper when the CLT argument 
is invoked with flA.bp . This subtlety is crucial for our limiting argument in Section 01 
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